Linear Algebra
Differential Equations Math 54 Lecture 005 Final Exam August 15, 2014

1. 'Let V and W be vector spaces. Let T : V — W be a linear transformation. Suppose that dimV = n.

a. (5pts) Prove that ker T is a subspace of V.

b. (5pts) Prove that im T is a subspace of W.

1This problems is designed to give a proof for the generalized Rank Theorem, that is,

dimker T+ dimim7T = dim V'
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c. (5pts) Let B = {v1,v9, - ,v;n} be a basis for kerT and extend the basis for ker T' to a basis for V by adding
{Vm+1, "+ ,Un}. Show that

T(a1vr + -+ + AGmU;m + Gt 1Vmp1 + -+ QpUp)
= amt1T(Umt1) + -+ anT(vn)

and conclude that
im T = Span{T(vpm+1), -+, T(vn)}

d. (5pts) Show that {T(vim+1),- -+ ,T(v,)} is linearly independent. Then, with the result of (c), conclude that
C:= {T(UWH-l)v e 7T(Un)}

is a basis for im T

Therefore, dimker 7'=m and dimim T'=n — (m + 1) + 1 = n — m so that

dimkerT 4+ dimim T =n =dimV
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2. 2Let (V, (-,+)) be an inner product space and W be a subspace of V. Given an orthogonal basis B = {u1,- -+ ,u,,} for
W, recall that the formula of the orthogonal projection of v € V onto W is defined as
W) o )
<U1,U1> <umaum>

Let’s denote the formula as projw,z(v).

a. (8pts) Show that v — projy; 5(v) is orthogonal to projw,s(v) and also v — projy, 5(v) € W. (Hint. Use the linearity
property of an innder product (-,-) and the definition of orthogonality. In order to prove v — pProjy g € W+, you
only need to show that v — projy, 5 is orthogonal to uy, ug, ---, Um-)

2This problem is designed in order to prove that the formula for the orthogonal projection,

(u1,v) (Um, v)
u et -\ m oy
(u1,u1) (W, wm)
is independent of the choice of an orthogonal basis {u1,u2, - ,um} for W.
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b. (3pts) Let C = {wy,--- ,w,} be another orthogonal basis for W.? Prove that*

projyy. 5(v) — projyc(v) € W,

c. (3pts) Assume that there is no nonzero vector v such that v € W and v € W+ at the same time, without a proof.
Using this fact, prove that

Projyy(v) — projye(v) =0

Therefore,
projy g(v) = projyc(v).

So, we can conclude that the formula of the orthogonal projection does not depend on the choice of an orthogonal basis.

3From a., we have v — projy. ¢ € wt.
4Hint. W is a subspace of V (you can use this fact without a proof) so that W= is closed under addition and scalar multiplication.
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3. (5pts) Find a general solution to
2y (t) — 4ty (t) + 6y(t) = 0.
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4. (8pts) Given a differential equation in normal form
x'(t) = Ax(t) + £(t)
the only information you have is a set of three solutions to the equation. They are
(e—t+et+62t) (_e—t+et+€2t> (et+€2t)
2¢t — 2 ’ 2¢t — 2 ’ 2¢t — et |-

Find A and f(¢).
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5. (15pts) Let A be a 3 x 3 matrix

OO =
e
— = O

Compute e using generalized eigenvectors.®

5Hint. First, find the characteristic polynomial and then Nul (A — AI)¢ where X is an eigenvalue and e is the corresponding exponent. For
v ENul(A — AI)€, you can compute ety easily.
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6. Let C[—m,n| be the vector space of all continuous functions defined on [—m,7]. Let’s define an inner product space
(Cl[—m, 7], (-,-)) by defining
1 s
(f(t),g(t)) == [ f(t)g(t)dt.

—T

a. (3pts) Show that sinmt, sinnt are orthogonal if m # n.

b. (3pts) Show that sinmt, cosnt are orthogonal.

c. (3pts) Show that ||sinkt||? = || cos kt||> = 1 for k # 0.

d. (9pts) Find the second-order Fourier Approximation of

et, —r<t<m
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7. (10pts) Let A and B be n x n constant matrices and AB = BA. Prove that®

€A+B = 6A eB .

SHint.

n!
n n
(z+y)" = —'a: + ﬁx



