
Best Approximation
Let W be a subspace of Rn with orthogonal basis {u1, · · · ,up}.

I Definition: For any vector y ∈ Rn, define
orthogonal projection as

projW y = ŷ =
yT u1
uT1 u1

u1 + · · ·+ yT up
uTp up

up

I Thm: For all v ∈W , v 6= ŷ,

‖y − ŷ‖ < ‖y − v‖ .
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Let W be a subspace of R3 with orthogonal basis S = {u1,u2}.

For any vector y ∈ R3, projW y
def
= ŷ =

yT u1
uT1 u1

u1 +
yT u2
uT2 u2

u2

Thm: ‖y − ŷ‖ = minimize v ∈W ‖y − v‖ .

Example: If u1 =

 2
5
−1

 , u2 =

 −2
1
1

 , y =

 1
2
3

. Then

ŷ =
yT u1
uT1 u1

u1 +
yT u2
uT2 u2

u2 =
1

5

 −2
10
1

 ,
minimize v ∈W ‖y − v‖ = ‖y − ŷ‖ =

7√
5
.
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Review:

I

Matrix U = (u1, · · · ,up) has orthonormal columns ⇐⇒ UT U = I .

I U has orthonormal columns =⇒ S = {u1, · · · ,up} is an
orthonormal basis for Span {u1, · · · ,up} .

Thm 10: Let W be a subspace of Rn with orthonormal basis
S = {u1, · · · ,up}. Then for any vector y ∈ Rn,

projW y = ŷ =
yT u1
uT1 u1

u1 + · · ·+ yT up
uTp up

up

= u1
(
uT1 y

)
+ · · ·+ up

(
uTp y

)
=

(
u1 u

T
1 + · · ·+ up u

T
p

)
y

=
(
U UT

)
y

How to construct an orthonormal basis?
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§6.4 Gram-Schmidt Process

Example 1: Let W = Span {x1, x2} with

x1 =

 3
6
0

 , x2 =

 1
2
3

 .
Construct an orthogonal basis for W .

Solution: Choose v1 = x1, and

v2 = x2−projSpan{v1}x2 = x2−
xT2 v1
vT1 v1

v1 =

 1
2
3

− 15

45

 3
6
0

 =

 0
0
3

.
v1 and v2 are orthogonal, with Span {v1, v2} = Span {x1, x2} .
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Solution:
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5
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2
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Example 2: Construct an orthogonal basis for W = Span {x1, x2, x3} with
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1
1
1
1

 , x2 =
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0
1
1
1

 , x3 =


0
0
1
1

 .

Solution: Choose v1 = x1, and

v2 = x2−projSpan{v1}x2 = x2−
xT2 v1
vT1 v1

v1 =


0
1
1
1

− 3

4


1
1
1
1

 =
1

4


−3
1
1
1

.
v1 and v2 are orthogonal, with Span {v1, v2} = Span {x1, x2} .

v3 = x3 − projSpan{v1,v2}x3 = x3 −
xT3 v1
vT1 v1

v1 −
xT3 v2
vT2 v2

v2 =
1

3


0
−2
1
1

.
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Gram-Schmidt Process

Given a basis {x1, x2, · · · , xp} for subspace W of Rn, define

I v1 = x1

I v2 = x2 − projSpan{v1}x2
I v3 = x3 − projSpan{v1,v2}x3

...

I vp = xp − projSpan{v1,··· ,vp−1}xp

Then {v1, v2, · · · , vp} is an orthogonal basis for W , and

Span {v1, v2, · · · , vk} = Span {x1, x2, · · · , xk} , k = 1, · · · , p.

Orthonormal basis qk =
1

‖vk‖
vk , k = 1, · · · , p.
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Gram-Schmidt Process = QR Factorization (I)

I v1 = x1 =⇒ x1 = v1
def
= r̂1,1 v1 = [v1, v2, · · · , vp]


r̂1,1
0
...
0



I v2 = x2 − projSpan{v1}x2 =⇒ x2 = v2 + projSpan{v1}x2

x2 = v2 +
xT2 v1
vT1 v1

v1
def
= r̂1,2 v1 + r̂2,2 v2

= [v1, v2, · · · , vp]


r̂1,2
r̂2,2
0
...
0


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Gram-Schmidt Process = QR Factorization (II)

I v3 = x3−projSpan{v1,v2}x3 =⇒ x3 = v3+projSpan{v1,v2}x3

x3 = v3 +
xT3 v1
vT1 v1

v1 +
xT3 v2
vT2 v2

v2
def
= r̂1,3 v1 + r̂2,3 v2 + r̂3,3 v3

= [v1, v2, v3, · · · , vp]



r̂1,3
r̂2,3
r̂3,3
0
...
0


I

...
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Gram-Schmidt Process = QR Factorization (III)

vp = xp−projSpan{v1,··· ,vp−1}xp =⇒ vp = xp+projSpan{v1,,··· ,vp−1}xp

xp = vp +
xTp v1

vT1 v1
v1 + · · ·+

xTp vp−1

vTp−1 vp−1
vp−1

def
= r̂1,p v1 + · · ·+ r̂p−1,p vp−1 + r̂p,p vp

= [v1, v2, · · · , vp]


r̂1,p
r̂2,p

...
r̂p,p



[x1, x2, · · · , xp] = [v1, v2, · · · , vp]


r̂1,1 r̂1,2 · · · r̂1,p

r̂2,2 · · · r̂2,p
. . .

...
r̂p,p



12 / 38
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...
r̂p,p



[x1, x2, · · · , xp] = [v1, v2, · · · , vp]


r̂1,1 r̂1,2 · · · r̂1,p

r̂2,2 · · · r̂2,p
. . .

...
r̂p,p


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Gram-Schmidt Process = QR Factorization (IV)
Normalizing v1, · · · , vp: qj =

vj

‖vj‖ for j = 1, · · · , p :

[x1, x2, · · · , xp] = [v1, v2, · · · , vp]


r̂1,1 r̂1,2 · · · r̂1,p

r̂2,2 · · · r̂2,p
. . .

...
r̂p,p



= [q1, q2, · · · ,qp]



‖v1‖

‖v2‖
. . .

‖vp‖




r̂1,1 r̂1,2 · · · r̂1,p
r̂2,2 · · · r̂2,p

. . .
...

r̂p,p




def
= Q R = Q


 , QT Q = I .
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Revisit Example 2: Construct an orthogonal basis for

W = Span {x1, x2, x3} with x1 =


1
1
1
1

 , x2 =


0
1
1
1

 , x3 =


0
0
1
1

 .

Solution: v1 = x1, and

v2 = x2 −
xT2 v1
vT1 v1

v1 =
1

4


−3
1
1
1

 , with r̂1,2 =
3

4
.

v3 = x3−
xT3 v1
vT1 v1

v1 −
xT3 v2
vT2 v2

v2 =
1

3


0
−2
1
1

 , with r̂1,3 =
1

2
, r̂2,3 =

2

3
.

[x1, x2, x3] = [v1, v2, v3]

 1 3
4

1
2

1 2
3
1


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Solution: ‖v1‖ = 2, ‖v2‖ =
√
3
2 , ‖v3‖ =

√
6
3

q1 =
1

‖v1‖
v1 =

1

2


1
1
1
1

 , q2 =
1

‖v2‖
v2 =

1√
12


−3
1
1
1



and q3 =
1

‖v3‖
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1√
6
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QR Factorization


1 0 0
1 1 0
1 1 1
1 1 1

 = [x1, x2, x3] = Q R, where

Q = [q1,q2,q3] =


1
2 − 3√

12
0

1
2

1√
12

− 2√
6

1
2

1√
12

1√
6

1
2

1√
12

1√
6



R =

 2 √
3
2 √

6
3


 1 3

4
1
2

1 2
3
1

 =

 2 3
2 1√
3
2

√
3
3√
6
3


Gram-Schmidt =⇒ QR, but QR 6=⇒ Gram-Schmidt
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§6.5 Least Squares Approximation

Example Problem:

I Given: Decennial census data since 1610 on US population.

I Predict: US population in next twenty years.

Real focus is on prediction

Example Models:

I Linear Model:

P (Year) ≈ α + β × Year.

I Log-Linear Model:

P (Year) ≈ exp (α + β × Year) .

Model may not be exact, but could have predictive value.
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US Population
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Least Squares Model Solution

Given population data for year1, · · · , yearn. Define for 1 ≤ i ≤ n,
xi = yeari ,

yi =

{
P (yeari ) , Linear Model,
log (P (yeari )) , Log-linear Model.

I Least Squares Fit:

minα,β

n∑
i=1

(yi − (α + xiβ))2 .

I Prediction: For future year x , US population will be

P (x) =

{
α + xβ, Linear Model,
exp (α + xβ) , Log-linear Model.

20 / 38



Least Squares Fit: minα,β
∑n

i=1 (yi − (α + xiβ))
2

n∑
i=1

(yi − (α + xiβ))2 =

∥∥∥∥∥∥∥
 y1 − (α + x1β)

...
yn − (α + xnβ)


∥∥∥∥∥∥∥
2

=

∥∥∥∥∥∥∥
 y1

...
yn

−
 1 x1

...
...

1 xn

 (
α
β

)∥∥∥∥∥∥∥
2

= ‖b− A x‖2 , where

b
def
=

 y1
...
yn

 , A
def
=

 1 x1
...

...
1 xn

 , x
def
=

(
α
β

)
.

Least Squares Fit becomes: finding x̂ ∈ R2 so that for all x ∈ R2

‖b− A x̂‖ ≤ ‖b− A x‖ .

In general, A ∈ Rm×n, x ∈ Rn and b ∈ Rm; m ≥ n.
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Least Squares Solution: ‖b− A x̂‖ ≤ ‖b− A x‖

Since A x ∈ Col A for any x ∈ Rn, we must have

I
∥∥b− ProjCol A b

∥∥ = minimizex∈Rn ‖b− A x‖ .

I b− ProjCol A b ∈ (Col A)⊥.

I ProjCol A b ∈ Col A, there must be an x̂ so that
ProjCol A b = A x̂.

=⇒ AT (b− A x̂) = 0.

Least Squares solution satisfies AT A x = AT b

For any x ∈ Rn, ‖b− A x‖2 = ‖b− A x̂‖2 + ‖A (x− x̂)‖2 .
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Predicting years 2000, 2010 with data through 1990

I Log-linear Model predicts year 2000 better than Linear Model.

I Predictions for year 2010 are worse.
24 / 38



Thm: Let A ∈ Rm×n, and b ∈ Rm with m ≥ n.

Columns of A are L.I.D.

m
The matrix AT A is invertible (`)

Proof of (`): Let any x ∈ Rn, then

A x = 0 =⇒ AT A x = 0

=⇒ xT AT A x = 0 =⇒ ‖A x‖2 = 0

=⇒ A x = 0.

Thus AT x = 0 ⇐⇒ AT A x = 0, which implies (`).

25 / 38



Thm: Let A ∈ Rm×n, and b ∈ Rm with m ≥ n.

Columns of A are L.I.D.

m
The matrix AT A is invertible

If AT A is invertible, then the least squares solution is

x̂ =
(
AT A

)−1
AT b

26 / 38



Example: Find least squares solution for

A =

 4 0
0 2
1 1

 , b =

 2
0

11

 .

Solution: We first compute

AT A =

[
4 0 1
0 2 1

]  4 0
0 2
1 1

 =

[
17 1
1 5

]
,

AT b =

[
4 0 1
0 2 1

]  2
0

11

 =

[
19
11

]
so

x̂ =
(
AT A

)−1
AT b =

[
17 1
1 5

]−1 [
19
11

]
=

[
1
2

]
.
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The QR solution to least squares

I Let A ∈ Rm×n with L.I.D. columns, and b ∈ Rm with m ≥ n.

I Let A = Q R be the QR factorization of A.

Thm: The QR solution to the least squares is x̂ = R−1
(
QT b̂

)
.

Proof: Since A has L.I.D. columns, AT A must be invertible, so

x̂ =
(
AT A

)−1
AT b =

(
(Q R)T (Q R)

)−1
(Q R)T b

=
(
RT R

)−1
RT

(
QT b

)
= R−1

(
QT b̂

)
.
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Example: Find least squares solution for A =


1 3 5
1 1 0
1 1 2
1 3 3

 , b =


3
5
7
−3

 .

Solution: We first compute QR factorization:

A = Q R =


1
2

1
2

1
2

1
2 −1

2 −1
2

1
2 −1

2
1
2

1
2

1
2 −1

2


 2 4 5

0 2 3
0 0 2

 .

So QT b =

 1
2

1
2

1
2

1
2

1
2 −1

2 −1
2

1
2

1
2 −1

2
1
2 −1

2




3
5
7
−3

 =

 6
−6

4



and x̂ = R−1
(
QT b̂

)
=

 2 4 5
0 2 3
0 0 2

−1  6
−6

4

 =

 10
−6

2

 .
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Example: Find least squares solution for A =


1 3 5
1 1 0
1 1 2
1 3 3

 , b =


3
5
7
−3

 .
Solution: We first compute QR factorization:

A = Q R =


1
2

1
2

1
2

1
2 −1

2 −1
2

1
2 −1

2
1
2

1
2

1
2 −1

2


 2 4 5

0 2 3
0 0 2

 .

So QT b =

 1
2

1
2

1
2

1
2

1
2 −1

2 −1
2

1
2

1
2 −1

2
1
2 −1

2




3
5
7
−3

 =

 6
−6

4



and x̂ = R−1
(
QT b̂

)
=

 2 4 5
0 2 3
0 0 2

−1  6
−6

4

 =

 10
−6

2

 .
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What is your Inner Product?
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§6.7 Inner Product Space

Let V be a vector space. inner product is a function

V × V 7−→ R : < u, v > ∈ R for any u, v ∈ V

that satisfies axioms below for all u, v,w ∈ V and c ∈ R :

1. < u, v >=< v,u > . (Symmetry with respect to u and v)

2. < u + w, v >=< u, v > + < w, v > .

3. < c u, v >= c < u, v > . (Linear transformation in u)

4. < u,u > ≥ 0, and < u,u > = 0 if and only if u = 0.

Example: For any u =

 u1
u2
u3

 , v =

 v1
v2
v3

 ∈ R3, function

< u, v >
def
= 5 u1 v1 + 3 u2 v2 + u3 v3 is an inner product on R3.
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Let V be a vector space. inner product is a function
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that satisfies axioms below for all u, v,w ∈ V and c ∈ R :
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3. < c u, v >= c < u, v > . (Linear transformation in u)
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Example: For any u =

 u1
u2
u3

 , v =

 v1
v2
v3

 ∈ R3, function

< u, v >
def
= 5 u1 v1−3 u2 v2+u3 v3 is not an inner product on R3.
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§6.7 Inner Product Space

Let V be a vector space. inner product is a function

V × V 7−→ R : < u, v > ∈ R for any u, v ∈ V

that satisfies axioms below for all u, v,w ∈ V and c ∈ R :

1. < u, v >=< v,u > . (Symmetry with respect to u and v)

2. < u + w, v >=< u, v > + < w, v > .

3. < c u, v >= c < u, v > . (Linear transformation in u)

4. < u,u > ≥ 0, and < u,u > = 0 if and only if u = 0.

Example: For any f (x), g(x) ∈ C [−1, 1], then

< f , g >
def
=

∫ 1

−1

(
1 + x2

)
f (x) g(x) dx is an inner product on C [−1, 1].
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I length of u (denoted ‖u‖) def
=
√
< u, u >

I distance between u and v (denoted dist (u, v))
def
= ‖u− v‖

I u and v are orthogonal if < u, v > = 0

EX: Let u =

 3
−6

3

 and v =

 1
1
1

 ∈ R3, with

inner product < u, v >
def
= 5 u1 v1 + 3 u2 v2 + u3 v3.

I length ‖u‖ =
√

5 · 32 + 3 · (−6)2 + 32 =
√

162

I distance between u and v:

‖u− v‖ =
√

5 · (3− 1)2 + 3 · (−6− 1)2 + (3− 1)2 =
√

171.

I u and v are orthogonal:

< u, v > = 5 · 3 · 1 + 3 · (−6) · 1 + 3 · 1 = 0.
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Best Approximation
Let W be a subspace of inner product space V , with orthogonal
basis {u1, · · · ,up}.

I Definition: For any vector y ∈ V , define
orthogonal projection as

projW y = ŷ =
< y, u1 >

< u1, u1 >
u1 + · · ·+ < y, up >

< up, up >
up

I Pythagorean Thm: For all v ∈W ,

‖y − v‖2 = ‖y − ŷ‖2 + ‖ŷ − v‖2 .
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35 / 38



Best Approximation
Let W be a subspace of inner product space V , with orthogonal
basis {u1, · · · ,up}.

I Definition: For any vector y ∈ V , define
orthogonal projection as

projW y = ŷ =
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Cauchy-Schwarz Inequality

Thm: Let u, v be non-zero vectors from inner product space V ,

then, |< v, u >| ≤ ‖u‖ ‖v‖ .

Proof: By Pythagorean Thm:

‖v‖2 =
∥∥∥v − projSpan{u}v

∥∥∥2 +
∥∥∥projSpan{u}v∥∥∥2

≥
∥∥∥projSpan{u}v∥∥∥2

=

∥∥∥∥< v, u >

< u, u >
u

∥∥∥∥2 =
|< v, u >|2

‖u‖2
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The Triangle Inequality

Thm: Let u, v be vectors from inner product space V ,

then, ‖u + v‖ ≤ ‖u‖+ ‖v‖ .

Proof: By Cauchy-Schwarz Inequality:

‖u + v‖2 = < u + v, u + v >

= < u, u > + < v, v > +2 < u, v >

≤ ‖u‖2 + ‖v‖2 + 2 ‖u‖ ‖v‖
= (‖ ‖u‖+ ‖v‖)2 .
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Gram-Schmidt Process: Example

Example: Let W = Span
{

1, x , x2
}

be a subspace of C [−1, 1].
Find an orthogonal basis for W using the inner product

< f , g >
def
=

∫ 1

−1
f (x) g(x) dx .

Solution: Let p1(x) = 1,p2(x) = x2,p3(x) = x2.
Choose q1(x) = 1,

q2(x) = p2(x)− projSpan{q1}p2 = x −
∫ 1
−1 1 · x dx∫ 1
−1 1 · 1 dx

1 = x ,

q3(x) = p3(x)− projSpan{q1, q2}p3

= x2 −
∫ 1
−1 1 · x2 dx∫ 1
−1 1 · 1 dx

1−
∫ 1
−1 x · x

2 dx∫ 1
−1 x · x dx

x = x2 − 1

3
.

38 / 38


