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Best Approximation

Let W be a subspace of R" with orthogonal basis {uy,--- ,up}.

» DEFINITION: For any vector y € R", define
orthogonal projection as

T T
. ~ Yy u y Uup
projyy =y = "F—ur+- -+ —=—up
u; ug u up

» Thm: Forallve W,v #Yy,
ly =yl <lly —vll-

5 1§ —vil

FIGURE 4 The orthogonal projection of y
onto W is the closest pointin W to y.
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Best Approximation

Let W be a subspace of R" with orthogonal basis {uy,--- ,up}.

» DEFINITION: For any vector y € R”, define
orthogonal projection as

T T
projyy =Yy y W, + +y %y
pr— = ——— 1 DY
W u/ ug ulu, ”

» Thm: Forallve W,v #Yy,

ly =yl <lly — vl
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Best Approximation

Let W be a subspace of R" with orthogonal basis {uy,--- ,up}.

» DEFINITION: For any vector y € R”, define
orthogonal projection as

T T
. ~ Yy u y Up
Projyyy =y = —F—ur+---+—=—Up

» Thm: Forallve W,v #Yy,

ly =yl <lly — vl

PROOF: It is clear that z % y—y € W= Then
y-v=z+(y-v),
with z € W',y —v € W. By Pythagorean Thm,

2 2 e 2 2 ~112
ly —=vl==1z[[*+ly—vl">z[*=ly-y|I". O

)
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Let W be a subspace of R® with orthogonal basis S = {uy, u,}.

T T
. def ~ u; u2
For any vectory€R3, proj,,y = y= yT u; + yT uz

Thm: |y —y| = minimize , - 1/ lly —v]|.
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Let W be a subspace of R® with orthogonal basis S = {uy,u,}

T T
~ u u
For any vector y € R3, proj,,y dgy: yT 1u1 yT 2uQ
Thm: |y —y| = minimize , - 1/ lly —v]|.
2 -2 1
EXAMPLE: If u; = 5 |, uy= 1 ,Y=1 2 |. Then
-1 1 3
-2
T T
~ u u 1
v yT 1"1+yT 2u2:7 10
u; up u, up 5 1
C .. ~ 7
minimize | - ly—vl = [ly-yl=—%

7
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REVIEW:
>
Matrix U = (u1,- - - ,up) has orthonormal columns <= UT U = 1.
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REVIEW:

>

Matrix U = (u1,- - - ,up) has orthonormal columns <= UT U = 1.

» U has orthonormal columns = S = {uy,--- ,up} is an
orthonormal basis for Span {uy,--- ,up}.

Thm 10: Let W be a subspace of R" with orthonormal basis

S ={ug, - - ,up}. Then for any vector y € R",
T T
. ~ Yy u y up
ro = = up + -+ u
Projyy y uir uy 1 “pT up p

= u (u{y)—l—'-‘—kup (upTy)
= (uluz—+---+upu;—>y

- (o)

How to construct an orthonormal basis?‘

38



§6.4 Gram-Schmidt Process

EXAMPLE 1: Let W = Span {x1, x2} with

3 1
X1 = 6 , X = 2
0 3

Construct an orthogonal basis for W.

SoLUTION: Choose v = x1, and

Vo = Xo—Pproj x—x—X2Tv1v— ; —1—5 :
2 = X2 ProJSpan(y,} X2 = X2 V1TV11_ ; 5 .

vy and vy are orthogonal, with Span {vi,v,} = Span {x1,x2}.
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§6.4 Gram-Schmidt Process

EXAMPLE 1: Let W = Span {x1, x2} with

3 1
X1 = 6 , X2 = 2
0 3

Construct an orthonormal basis for W.

SOLUTION:

1 1
qi = 77— V1= —(= y Q2= V2=
[[vall V5 [[va|

—_
o O

6/38



ExXAMPLE 2: Construct an orthogonal basis for W = Span {x1, x2, X3} with

1 0 0

1 1
1 1

=)



ExXAMPLE 2: Construct an orthogonal basis for W = Span {x1, x2, X3} with
1 0 0

X1 = , X2 = , X3 =

1
1
1

)
— = o

SOLUTION: Choose v; = x1, and

0 1 -3

. B 7x2Tv1 S O S O I I O O T
Vo = X2 prOjspan{vl}Xz = X2 vi,. Vi V] = 1 Z 1 = 2 1
1 1 1

vi and v, are orthogonal, with Span {vi,v2} = Span {x;,x2}.

38

~



ExXAMPLE 2: Construct an orthogonal basis for W = Span {x1, x2, X3} with

1 0 0
X] = 1 X 1 X3 = 0
1 — 1 Y 2 — 1 ) 3 = 1
1 1 1
SOLUTION: Choose v; = x1, and
0 1 -3
Vo = Xo—proj x—x—szvlv— 1 —§ 1 —1 L
2 = X2~ PlOSpan(y,*2 = X2 vlTvll_ 1 4 11| 4 1
1 1 1
vi and v, are orthogonal, with Span {vi,v2} = Span {x;,x2}.
0
vz =X roj X3 = X x3Tv1 X3’Tv2v—1 —2
3—X3 P JSpan{vl’\Q} 3— X3 V]-_’—V]_ V;—V2 2 = 3 1
1

vi, vy and v3 are orthogonal, with Span {v1,vs,,v3} = Span {x1,x2,x3},. .,



ExXAMPLE 2: Construct an orthonormal basis for W = Span {x1, x2,x3}

1 0 0

. 1 1 0
with x; = 1= %=
1 1 1
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ExXAMPLE 2: Construct an orthonormal basis for W = Span {x1, x2,x3}

1 0 0
ith 11 |1 |0
wi X] = 1 , Xo = 1 , X3 = 1
1 1 1
SOLUTION:
1 -3
1 111 1 1 1
= Vi — — s = Vo — ——
P T2 P T e T v |
1 1
0
q 1 1 -2
and q3=-—7vVv3=—F
[[vs]] ve | 1
1



Gram-Schmidt Process

Given a basis {x1,x2, -

> V] = X1

,Xp} for subspace W of R", define
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Gram-Schmidt Process

Given a basis {x1,X2,--- ,xp} for subspace W of R", define
> Vi =X
> Vo = Xp — projspan{vl}XQ
> V3 = X3~ ProjSpan(y, v,} %3

Vp = Xp — PrOjSpan(y, .. v,_1}%p
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Gram-Schmidt Process

Given a basis {x1,X2,--- ,xp} for subspace W of R", define
> Vi = X1
> Vy = Xp — Projspan{vl}m
> V3 = X3 = ProjSpan iy, v,} X3

> Vp =Xp — projSpan{vl,--~ o1} %P
Then {v1,vo, -+ ,vp} is an orthogonal basis for W, and

Span {vi,vo, -+ ,vi} = Span {xi,x2, - , Xk}, k=1,---
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Gram-Schmidt Process

Given a basis {x1,X2,--- ,xp} for subspace W of R", define

> Vi = X1
> vy =Xy — ijSpaﬂ{Vl}X2
> V3 = X3 — p"(’jSpa"{"l"’2})(3

> Vp =Xp — projSpan{vl,--~ o1} %P
Then {v1,vo, -+ ,vp} is an orthogonal basis for W, and

Span {vi,vo, -+ ,vi} = Span {xi,x2, - , Xk}, k=1,---

1

Orthonormal basis qyx = mvk, k=1,---,p.
k

38



Gram-Schmidt Process = QR Factorization (1)

def ~
> V] =X1] = X1 =V1 = f1,1V1=[V1, Vo, - 7Vp]
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Gram-Schmidt Process = QR Factorization (1)

def ~
> V] =X1] = X1 =V1 = f1,1V1=[V1, Vo, - 7Vp]
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Gram-Schmidt Process = QR Factorization (1)

def ~
> V] =X1] = X1 =V1 = f1,1V1=[V1, Vo, - 7Vp]

0
> V) = Xp — projspan{vl}XQ —> X3 = Vo + projspan{vl}xz

X;— Vi def ~

X2 = Vo+ —F=—Vi = naVi+mnpv;
Vi Vi1
_?17 -
2
== [Vla V2, - 7VP] 0
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Gram-Schmidt Process = QR Factorization (1)

> V3 = x3—projspan{vl7v2}X3 = X3 = V3+pr°j5pan{v1,vz}X3
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Gram-Schmidt Process = QR Factorization (1)

> V3 = x3—projspan{vl7v2}X3 = X3 = V3+projspan{vl7v2}X3

X3T Vi X3T V2 def ~ ~ —~
X3 = V3+—F—V 7 V2 = n3vi+nmnzve+r3vs
ngs
rng3
3,3
== [V17 V2, V3, - - 7vp] 0
L. O -

11/38



Gram-Schmidt Process = QR Factorization (I11)

v, = xp_projSpan{vl,m,v,,_l}XP = Vv, = xP+pr°jSpan{v1,,m,v,,_l}xP
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Gram-Schmidt Process = QR Factorization (I11)

v, = xP_prOjSpan{vhm,v,,_l}XP = Vv, = xP+pr°jSpan{v1,,m,v,,_l}xP

T T

Xp Vi1 Xp Vp—1
Xp = Vp+ b—vi4-d Ly
p p T T p
Vl Vi vpfl Vp—l
def ~ ~ ~
= nNpVit- - +r1pVp-1+rIppVp
Mn,p
2,p
— [vla Vo, - - )vp]
L Tpp
ni n2 - np
r272 e r27p
[Xl, X2, =" 7xp] — [vla Vo, - - 7vp]
L Ip,p
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Gram-Schmidt Process = QR Factorization (1V)

Normalizing vi, - -+ ,vp: qj = H“:in forj=1,---,p:
J
ni ne np
7’\2,2 ?2,p
[X17X2,"‘,XP]:[Vl,VQ,"‘,VP] :
;;77p
v T Ry
vzl 2 -+ Np
= [q17 q2, - 7qp] i
vl To.p

13/38



ExAMPLE 2: Construct an orthogonal basis for

W = Span {x1,x2,x3} with x; =

1

=

, X2

0

= = =

, X3 =

= = O O
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ExAMPLE 2: Construct an orthogonal basis for

1 0 0

. 1 1 0

W = Span {x1,x2,x3} with x; = Lo x=11] %=
1 1 1

SOLUTION: v; = X1, and
-3
-
1 ~
v2:x2—x%,_V1v1:7 with n2=-—.

1
2RV 4 1 ’
1
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ExAMPLE 2: Construct an orthogonal basis for

1
. 1
W = Span {x1,x2,x3} with x; = 1| Xxe=
1
SOLUTION: v; = X1, and
-3
-
Xy V1 1 1 .
Vo = Xp — Vi = — , with
2 2 vlTvl 17y 1
1
0
T T
X3 V X3 V 1] =2 .
V3 = X3— ?r lvl— ?r 2V2:* , with
Vi Vi v, Vo 3 1
1
1

= AW

[xla X2, X3] — [vla Vo, V3]

0 0
1 - 0
177 |1
1 1
L3
1,2—4-

N 1

I e g
1,3 > ns

= WINN| =

14 /38



EXAMPLE 2: Construct orthonormal basis for
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1
1
1
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EXAMPLE 2: Construct orthonormal basis for

1
. 1
W = Span {x1,x2,x3} with x; = 1| Xxe=
1
SOLUTION: v; = X1, and
-3
-
Xy V1 1 1 .
Vo = Xp — Vi = — , with
2 2 vlTvl 17y 1
1
0
T T
X3 V X3 V 1] =2 .
V3 = X3— ?r lvl— ?r 2V2:* , with
Vi Vi v, Vo 3 1
1
1

= aw

[x1, X2, X3] = [v1, V2, V3]

0 0
1 X — 0
177 |1
1 1
L3
1,2—4-

N 1

I e g
1,3 > ns

= WINN| =

15/38



ExXAMPLE 2: Construct an orthonormal basis for W = Span {x1, x2,x3}

1 0 0

. 1 1 0
with x; = 1= %=
1 1 1
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ExXAMPLE 2: Construct an orthonormal basis for W = Span {x1, x2,x3}

1 0 0
ith xg= | 1 _ |0
Wi X1 = 1 , Xo = 1 , X3 = 1
1 1 1
SoLUTION: || =2, [|va| = 2, [lvs|| = 2
1 -3
1 1)1 1 1 1
- Vi = — s e Vo — ——
VENI T2 1 P T v | 1
1 1
0
d 1 1 | =2
and Q3 = ;—rV3 = —=
[[vs]] Ve | 1

16 /38



QR Factorization

= [x1,%2,x3] = QR, where

e e
_= = = O
= = OO

’—ﬁ‘w
N

s <

Q = [g1,92,q3] =

NI NI NI N
N N N

2 3
V3

g

el
I
N
NS
—
=
—Sw
= WINNI—
|
N
ol

V6
3

Gram-Schmidt = QR, but QR #= Gram-Schmidt
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§6.5 Least Squares Approximation

Example Problem:

» Given: Decennial census data since 1610 on US population.

» Predict: US population in next twenty years.

Real focus is on prediction
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§6.5 Least Squares Approximation

Example Problem:
» Given: Decennial census data since 1610 on US population.

» Predict: US population in next twenty years.

Real focus is on prediction

Example Models:
» LINEAR MODEL:

P (Year) =~ o+ 8 x Year.
» LOG-LINEAR MODEL:

P (Year) ~ exp (o + 5 x Year).

Model may not be exact, but could have predictive value.‘
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US Population

Ceamsus
wear
1810
1820
1830
1620
1650
1680
1670
1880
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1¥z0
17an
1720
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17E0
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1800
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1az0
1830
1840
1as0
1880
1avo
1880
1@a90
1900
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1920
1230
1920
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1970
1980
1900
2000
=010

Population
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Least Squares Model Solution

Given population data for yeary, -- -, year,. Define for 1 < i < n,
Xj = year;,
~f Pyear;), LINEAR MODEL,
Y= log (P (year;)), LOG-LINEAR MODEL.

» LEAST SQUARES FIT:

mmaﬂz —(a+x;8))>.

» PREDICTION: For future year x, US population will be

P(x) = o+ xp, LINEAR MODEL,
| exp(a+x3), LOG-LINEAR MODEL.
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Least Squares Fit: min, s> | (vi — (o + x;8 ))2

n y1 — (a+x13) ?
(vi — (@ +xB))* = :
i=1 Yn — (a + xp3)
3% 1 x 2
= 2 I B ( o )
Yn 1 X, ’

= |b—Ax|*, where
21 1 x
A N ]
Yn 1 xp ’
Least Squares Fit becomes: FINDING X € R? so that for all x € R?

Ib—AX|| < |[b— Ax]|.
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Least Squares Fit: min, s> | (vi — (o + x;8 ))2

n y1 — (a+x13) ?
(vi — (@ +xB))* = :
i=1 Yn — (a + xp3)
341 1 x 2
= 2 I B (“)
Yn 1 X, ’

= |b—Ax|*, where
y 1 x

b ] A ,x@<g>.
Yn 1 Xp

Least Squares Fit becomes: FINDING X € R? so that for all x € R?
|lb— AX|| < |lb— Ax||. In general, Ac R™*" xcR" and b € R™; m > n.

21/38



Least Squares Solution: ||b — AX|| < ||b — Ax||

Since Ax € Col A for any x € R”, we must have

> Hb — Projc Ab” = minimizeycpn |b — Ax|| .
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» Projc, 4b € Col A, there must be an X so that
PI’O_]CO| A b= AX

:>AT(b—A§):0.



Least Squares Solution: ||b — AX|| < ||b — Ax||

Since Ax € Col A for any x € R”, we must have
> Hb — Projc AbH = minimizeycpn |b — Ax|| .
> b — Projco| 4b € (Col A)".

» Projc, 4b € Col A, there must be an X so that
PI’O_]CO| A b= AX

:>AT (b — AX) = 0.

Least Squares solution satisfies AT Ax = AT b

Forany x € R”, |b— Ax|>=|b— AxX|>+ A (x = X)||*.
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Predicting years 2000, 2010 with data through 1990

US Population in 20th Century, Least Squares Predictions beyond
3.5e+08 T T

~# - Linear Prediction
5 +Log-linear Prediction|
|—+— Actual Data

o

3e408

2.52408
20408

/
150408 /

1e+08 7
v

52407 L L L L
1500 1920 1540 1960 1980 2000 2020

> Log-linear Model predicts year 2000 better than Linear Model.

» Predictions for year 2010 are worse.
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Thm: Let A€ R™*" and b € R™ with m > n.

Columns of A are L.I.D.

)

The matrix AT A is invertible @)
PROOF of (¢): Let any x € R”, then

Ax=0 — ATAx=0
— xTATAx=0 = |Ax|*=0
— Ax=0.

Thus ATx=0 <= AT Ax =0, which implies (¢).

25 /38



Thm: Let A€ R™*" and b € R™ with m > n.

Columns of A are L.I.D.
|}

The matrix AT A is invertible

If AT Ais invertible, then the least squares solution is
x=(ATA) 1 ATb

26 /38



EXAMPLE: Find least squares solution for

4 0 2
A=102|,b=1] 0
11 11
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EXAMPLE: Find least squares solution for

4 0 2
A=102|,b=1] 0
11 11

SOLUTION: We first compute

ATA:{

0

2

1
e [4 01 19
Ab_{021 h| L

S
o
—

[ I
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The QR solution to least squares

> Let A€ R™*" with L.I.D. columns, and b € R™ with m > n.
> Let A= @ R be the QR factorization of A.

Thm: The QR solution to the least squares is X = R~} (QTB) .
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The QR solution to least squares

> Let A€ R™*" with L.I.D. columns, and b € R™ with m > n.

> Let A= @ R be the QR factorization of A.
Thm: The QR solution to the least squares is X = R~} (QTB> .

PROOF: Since A has L.I.D. columns, AT A must be invertible, so

x)
I

(ATA>_1 ATb= ((Q R)T (Q R)>_1 (QR)T b
- (RT R>_1 RT (QTb> — R (QTE).
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EXAMPLE: Find least squares solution for A =

i )
W = W
W N O o
w N o w
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1
EXAMPLE: Find least squares solution for A = 1
1

SoLuTION: We first compute QR factorization:

A=QR=

NN =R =R =
NN =N =N =
O O N

|

NN [N =N =

NN =
N =N =N [ =
NN =

NN =N =

oON B

W= = W

N W o1

W N O ol



What is your Inner Product?

Release Your Inner Product: How to Get
from Idea to Sales

A free SCORE Small Business Workshop co-sponsored by Darien Library
f#isSmallbusiness

oaQ
30/38



§6.7 Inner Product Space

Let V be a vector space. inner product is a function
VXV—R: <uv> R forany uveV

that satisfies axioms below for all u,v,w € V and c € R :

1. <u,v>=<v,u>. (Symmetry with respect to u and v)
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§6.7 Inner Product Space

Let V be a vector space. inner product is a function
VXV—R: <uv> R forany uveV

that satisfies axioms below for all u,v,w € V and c € R :

1. <u,v>=<v,u>. (Symmetry with respect to u and v)

L <utwv>=<<u,v >+ < w, v >

2
3. <cu,v>=c¢ <u,v>. (Linear transformation in u)
4. <u,u> >0,and <u,u> =0ifand only if u=0.

up Vi
EXAMPLE: Foranyu= | up |, v=| v | € R3, function
u3 v3

def . .
<u,v> =5 u1vi+3uxve+ u3vz is an inner product on R3.
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§6.7 Inner Product Space

Let V be a vector space. inner product is a function
VXV—R: <uv> R forany uveV

that satisfies axioms below for all u,v,w € V and c € R :
1. <u,v>=<v,u>. (Symmetry with respect to u and v)
2. <utw,v>=<uv>+<wv>.
3. <cu,v>=c <u,v>. (Linear transformation in u)
4

. <u,u> >0,and <u,u> =0if and only if u=0.

up %1
EXAMPLE: Foranyu= | up |, v=| w | € R3, function
u3 V3

def . .
<u,v> =5 u1 vi—3 up vo+u3 vz is not an inner product on R3.
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§6.7 Inner Product Space
Let V be a vector space. inner product is a function
VXV—R: <uv> R forany uveV

that satisfies axioms below for all u,v,w € V and c € R :

1. <u,v>=<v,u>. (Symmetry with respect to u and v)

L <ut+wvs>=<<uv >+ < W,V >

2
3. <cu,v>=c <u,v>. (Linear transformation in u)
4. <u,u> >0, and <u,u> =0if and only if u=0.

EXAMPLE: For any f(x), g(x) € C[—1,1], then

def

1
<f,g> = / (14 x?) f(x)g(x)dx is an inner product on C[-1,1].
-1
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def

» length of u (denoted |jul|)) = /< u, u>
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EX:

length of u (denoted |Jul|) = e =2 u, u>

distance between u and v (denoted dist (u, v)) ot [lu—v||
u and v are orthogonal if <u,v> =0

3 1
letu=| —6 | andv= | 1 | € R3, with
3 1

. def
inner product < u,v > =5 ui vy +3upvo + U3 vs.

length ||u|| = /532 +3 - (-6)2 + 32 = V162
distance between u and v:

Ju—vl=1/5-(3 3. (=6 12+ (3—1)2 = VITL.

u and v are orthogonal:

<uv>=5:3-143-(=6)-1+3-1=0.
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Best Approximation

Let W be a subspace of inner product space V/, with orthogonal
basis {uy,--- ,up}.
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basis {uy,--- ,up}.

» DEFINITION: For any vector y € V/, define
orthogonal projection as

<y, up > L <y, up >

roj =y = u
proJwy =Y < ug, ur > < Up, Uup >

up

» Pythagorean Thm: For allv e W,
2 SN2 LS 2
ly = vlI®=lly = ylI" + Iy = v|I*.

W Iy —vll

FIGURE 4 The orthogonal projection of y
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Cauchy-Schwarz Inequality

Thm: Let u, v be non-zero vectors from inner product space V/,

then, |<wv, u>|<||ul |v].

Proor: By Pythagorean Thm:

2
v

Y

2 2
v — projSpan{u}"H + Hp"OJ.Span{u}"H
2

projSpan{u}")
<v,u> 2

<u, u>
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The Triangle Inequality

Thm: Let u, v be vectors from inner product space V,

then, [lu+ || < lul] + [[v]|-

ProOOF: By Cauchy-Schwarz Inequality:

lu+v]? = <u+v,u+v>
= <uu>+<v,v>+42 <u,v>
< ull® + vl + 2 flull [Iv]

(Hlall + [lv])?. O
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Gram-Schmidt Process: Example

EXAMPLE: Let W = Span {1,x,x?} be a subspace of C[—1,1].
Find an orthogonal basis for W using the inner product

def/ F(x

SOLUTION: Let p1(x) = 1, pa(x) = x2, p3(x) = x2.
Choose q1(x) = 1,

. f—ll 1-xdx
q2(x) = p2(x)— PrOlSpan{q,}P2 = X — m 1=x,
q3(x) = p3(x) = Proigpaniq,, ¢} P3
) f_lll-xzdx f_llx-xzdx )

O

= X — — X=X —

1
f_lll'ldx f_llx-xdx 3
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