5.4 Eigenvectors and Linear Transformations

» Let V, W = n-dimensional and m-dimensional Vector Spaces.
> Let T = linear transformation from V to W.
> Let B and C be bases for V, W.

Givenxe V, [T (x)]l;=(?) [X]g

FIGURE 1 A linear transformation from V to W.



Matrix for T relative to B and C

Let x=aiby+---+a,b, sothat [x]z =

a1

Qp
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Let x=aiby+---+a,b, sothat [x]z =

T(x) = a1 T(b1)+ -+ an T (by),

a1
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Matrix for T relative to B and C
Let x=aiby+---+a,b, sothat [x]z = [

T(x) = a1 T(b1)+ -+ an T (by),
[T ()] =laaT (b1) + -+ anT (bn)e

a1

Qp

34



Matrix for T relative to 5 and C
Qp

a1
Let x=oa;b;+---+a,b, sothat [X]B|: ]

T(x) = a1 T(b1)+ -+ an T (by),
[T(X)]e =[oaT (b1) + -+ anT (bn)lc= 1 [T (b1)]le + -+ an [T (bn)]¢



Matrix for T relative to B and C

a1
Let x=oa;b;+---+a,b, sothat [X]B|: ]

Qp

T(x) = a1 T(b1)+ -+ an T (by),
[T(X)]e =[oaT (b1) + -+ anT (bn)lc= 1 [T (b1)]le + -+ an [T (bn)]¢

a1
= [T (b1)l¢. [T (b2)lc, - [T (bn)]c] { ]

Qp
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Matrix for T relative to 5 and C
Qp

a1
Let x=oa;b;+---+a,b, sothat [X]B|: ]

T(x) = a1 T(b1)+ -+ an T (by),
[T(X)]e =[oaT (b1) + -+ anT (bn)lc= 1 [T (b1)]le + -+ an [T (bn)]¢

aq
= [[T(bl)]a[T(bZ)]cf“a[T(bn)]c]{ LM [x]
X r > T(x)
ILE Multiplication N [T(L]C

by M 2/34



EX: Consider bases: B = {by,by} for V, C = {c1,cz,c3} for W.

T : V — W is linear transformation satisfying
T(bl) =3c;—2cp+5c3 and T(bg) =4cy+7cy —c3.

Find M, Matrix for T relative to B and C.

34



EX: Consider bases: B = {by,by} for V, C = {c1,cz,c3} for W.
T : V — W is linear transformation satisfying

T(bl) =3c;—2cp+5c3 and T(bg) =4cy+7cy —c3.

Find M, Matrix for T relative to B and C.

SOLUTION: By definition,

3 4
[T(bl)]c =| -2, and [T(bZ)]c = 7
5 -1

3 4

Hence M= | -2 7

34



Matrix relative to B for [T :V — V.|

Let x=aiby+---+a,b, sothat [x]z =

a1

Qp
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Matrix relative to B for [T :V — V.|

Let x=aiby+---+a,b, sothat [x]z = [

T(x) = a1 T(b1)+ -+ apT(bn),
[T (¥)]g =leaT (b1) + -+ aal (bn)ls

a1

Qp

34



Matrix relative to B for [T :V — V.|

a1
Let x=aiby+---+a,b, so that [x]B[ ]
O

T(x) = a1 T(b1)+ -+ apT(bn),
[T (x)]z =laaT (b1) + -+ + anl (bn)lg=oa[T (b1)lg + -+ + an[T (bn)]g



Matrix relative to B for [T :V — V.|

a1
Let x=oa;b;+---+a,b, sothat [X]B|: ]
Qp

T(X) = alT(bl)—l—---—i—anT(bn),
[T (¥)]p =loaT (b1) + -+ anl (bn)lg= ca[T (b1)lg + -+ an[T (bs)]z

a1
= [T (b1)]s, [T (b2)]5,- -, [T (bn)lgl { ]

Qp



Matrix relative to B for [T :V — V.|

a1
Let x=oa;b;+---+a,b, sothat [X]B|: ]
Qp

T(x) = a1 T(b1)+ -+ apT(bn),
[T (x)]z =laaT (b1) + -+ + anl (bn)lg=oa[T (b1)lg + -+ + an[T (bn)]g

def

a1
= [[T(by)lg [T (b2)]g, [T (bn)lgl { ] = [Tls XIg

Qp

X » T(x)
Multiplication [T

[x]
s by [Tl 4/34



EX: Consider linear transformation: T : P> — P, defined by

T(a0+a1t+azt2):al+2agt.

a. Find [T]y for basis B = {1, t, t?}.
b. Verify [T (p)]z = [T]z [l for each p € P».

SOLUTION (a): T (1) =0, T(t)=1, T (tz) =2t. Hence
0 1 0
[T (D] = !0 ] LT @) = {o ] (T ()] 5= {2 ] .
0 0 0
010
[Tls = [[T W]s. [T 05, [T ()] 5] = { 00 2 ]
000



EX: Consider linear transformation: T : P> — P» defined by

T(ao+a1t+azt2):al+2agt.

b. Verify [T (p)lg = [T]z [plg for each p € P».

SOLUTION (b): For p(t)=ap+ait+axt?, T(p)(t)=ai+2anrt.

ao a 010 ao
Pls=1] a |, [T(Plg=|2a |=|0 0 2 ar | =[T)s [pls-
a 0 0 0O ap
b -m““”‘“
- \by[ﬂt#d/ [%}2

FIGURE 4 Matrix representation of a linear
transformation.

6 /34



Linear Transformation on R"

» For A e R"™" define linear transformation on R":
T (x) = Ax.

34



Linear Transformation on R"

» For A € R™" define linear transformation on R":
T (x) = Ax.

» Given basis B = {by,by,--- ,b,}.
Find [T]z = [[T (b1)lg, [T (b2)]g. -, [T (bn)]sl?

Q1
By definition, T (by) = Ab;. Let [T (b1)]z=| : | sothat
Qp
a1
Ab; =ai1b; +asby+---+a,b, =[by,by, -+, by] S
Qp
a1
= [T(i)lg=]| : | =P 1 (Aby), with P =][by,by,---,b,].

Qp



Linear Transformation on R"

» Given basis B = {by,by, -+ ,b,}.
Find [T]z = [[T (b)), [T (b2)]g,--- [T (bn)]sl?

[T (b1)ly =P * (Ab1), with P =[by,by,---,b,].

[Tlg = [T (b1)]g. [T (b2)]g, -, [T (bn)lg]
= [P7' (Aby), P71 (Aby), -+, P! (Ab,)]

= P lAby,by,---,b]=P AP

Goal: Choose B to make [T]z as simple as possible.

Foranyx € R",  [Ax]z = [T X)]z=I[Tlz [Xlz-

34



Linear Transformation on R?%: EX 1

» For A= [ _74 i } , define linear transformation on R?:

T (x) = Ax. Find B to simplify [T]g

34



Linear Transformation on R?%: EX 1

» For A= [ _74 i } , define linear transformation on R?:

T (x) = Ax. Find B to simplify [T],
SOLUTION: From example in §5.3,

-1 -2 0 3

A=PDP! where P:[ 1 1], 02[5 0]

Choose by = [ _11 } ,by = [ _12 } to be columns of P. Then

50

_ p-1 - D=
[Tls =P AP_D_[O3

] , (diagonal matrix)

34



Linear Transformation on R?%: EX 2

4 -9
> ForA—[4 3

T (x) = Ax. Find B to simplify [T]5

, define linear transformation on R?:
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Linear Transformation on R?%: EX 2

4 -9
> ForA—[4 3

T (x) = Ax. Find B to simplify [T]5

, define linear transformation on R?:

» SOLUTION: Find eigenvalues of A

4 8-\

det(A—)\l):det( A=A =9 >:(2+)\)2.

So eigenvalues are \; = Ay = —2.

> Find eigenvectors of A

6 -9

(A—)\ll)v:<4 _6>v:0, — vlz[;]

-2

» Choose vo = [ 3

} , P =v1, v2] and B = {v1, v2}.

10/34
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Linear Transformation on R?%: EX 2

4 -9
> ForA—[4 3

T (x) = Ax. Find B to simplify [T]5

, define linear transformation on R?:

» SOLUTION: Find eigenvalues of A

4 8-\

det(A—)\l):det( A=A =9 >:(2+)\)2.

So eigenvalues are \; = Ay = —2.

> Find eigenvectors of A

6 -9

(A—)\ll)v:<4 _6>v:0, — vlz[;]

-2

» Choose vo = [ 3

} , P =v1, v2] and B = {v1, v2}.
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Linear Transformation on R?%: EX 2
4 —9

> ForA:[4 _g

} , let T (x) = Ax. Find B to simplify [T],
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Linear Transformation on R?%: EX 2

» For A= [ j :g } , let T (x) = Ax. Find B to simplify [T],
» SOLUTION: Eigenvalues A\; = Ay = —2. Only eigenvector

w-]2]

» Choose vy = [ —2

3 } , P =1v1, vo] and B = {vy1, va}.

Avi = —2vq, sz—[i :g] [_32]—[:§2]——13V1—2V2
—2 -1
AP =Alvi va]l=[-2v, 132w ]=[w vz][ : _23]

Then [Tlz=P 'AP= [ _02 __123 ] ,  (upper triangular matrix)

12 /34



§6.1 Inner Product

u Vi
Let u = 5 andv=| : | €R"

Un Vn

. def
» inner product of u and v = vyt Uy v,

34



§6.1 Inner Product

u1 Vi
Let u = 5 andv=| : | €R"
Unp Vn
» inner product of u and v def vpvit--+uv,=ulv
(u - v in book)
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§6.1 Inner Product

u1 Vi
Let u = 5 andv=| : | €R"
Unp Vn
» inner product of u and v def vpvit--+uv,=ulv
(u - v in book)

» length of u (denoted ||ul|) def uf 402
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§6.1 Inner Product

u Vi
Let u = 5 andv=| : | €R"
Un Vn
» inner product of u and v def tvi+-Fu,vy=u'v
(u - v in book)
» length of u (denoted ||ul|) & B+ +u2=vulu
3 1
EX: Letu=| -5 | andv=| 2 | € R3.
2 1

» inner product of uandv=3-1+(-5)-2+2-1=-5
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§6.1 Inner Product

u Vi
Let u = 5 andv=| : | €R"
Up Vn
» inner product of u and v def mvi+-Fuvp=ulv
(u - v in book)
» length of u (denoted ||ul|) & V4 +u2=vulu
3 1
EX: Letu=| -5 | andv=| 2 | € R3.
2 1

> inner productofuandv:3 1—|—( 5):24+2-1=-5
> lengthof u: |ul| = /32 + 2.4+22=1./38

13 /34



ui %1
Letu=| : [andv=| : | €R".

Un Vn

» distance between u and v (denoted dist (u, v)) aef [lu—v||
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ui %1
Letu=| : [andv=| : | €R".
Un Vn
» distance between u and v (denoted dist (u, v)) aef [lu—v||

» u and v are orthogonal if u” v =10
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i Vi

Let u = ; andv=| : e R
Un Vi
» distance between u and v (denoted dist (u, v)) aef [lu—v||
» u and v are orthogonal if u” v =10
3 1
EX:Lletu= | -5 |andv=| 1 | € R3
2 1
» distance between u and v: dist(u, v) = |lu—v]| =

VEB-12+(-5-12+(2-1)2= 41
» u and v are orthogonal: u"v=3-1+(-5)-1+2-1=0
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ui %1
Letu=| : [andv=| : | €R".
Un Vn
» distance between u and v (denoted dist (u, v)) aef [lu—v||

» u and v are orthogonal if u” v =10

3 1
EX:Lletu= | -5 |andv=| 1 | € R3
2 1
» distance between u and v: dist(u, v) = |lu—v]| =

VEB-12+(-5-12+(2-1)2= 41
» u and v are orthogonal: u"v=3-1+(-5)-1+2-1=0
>

Pythagorean Thm: [u — v||® = (41 =38+ 3 =) ||u|]®> + ||v|]?

14 /34



Pythagoras
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» Pythagorean Thm

c=lu—v| bl

a = ||u

16 /34



» Pythagorean Thm

b=

» Pythagorean PROOF

16 /34



Orthogonal Complement of subspace W of R™

» orthogonal complement of W (denoted W)
def {u |u"z=0, forall ze W}
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Orthogonal Complement of subspace W of R™

» orthogonal complement of W (denoted W)
def {u |u"z=0, forall ze W}

1 3
EX: Let W = Span{aj,a} witha; = | 2 |, ay=| =2
1 1

Find W+,
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Orthogonal Complement of subspace W of R™

» orthogonal complement of W (denoted W)
def {u |u"z=0, forall ze W}

1 3
EX: Let W = Span{aj,a} witha; = | 2 |, ay=| =2
1 1

Find W+,

» SOLUTION: First note u € Wt <= u' [a1, a5] = [0, 0].
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» orthogonal complement of W (denoted W)
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EX: Let W = Span{aj,a} witha; = | 2 |, ay=| =2
1 1

Find W+,

» SOLUTION: First note u € Wt <= u' [a1, a5] = [0, 0].

» Hence u € W+ <= [ay, az]Tu:[g].
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Orthogonal Complement of subspace W of R™

» orthogonal complement of W (denoted W)
def {u |u"z=0, forall ze W}

1 3
EX: Let W = Span{aj,a} witha; = | 2 |, ay=| =2
1 1

Find W+,

» SOLUTION: First note u € Wt <= u' [a1, a5] = [0, 0].

» Hence u € W+ <= [ay, az]Tu:[O].

0
s [WE— NW AT where AT a, a0) 7= | L 2 1|,
3 -2 1
2
» WL = Span 1| 3 = (Col A)*

—4

17 /34



Orthogonal Set

> A set of vectors {ug,up,--- ,up} in R is an orthogonal set
if the vectors in the set are mutually orthogonal.

18 /34



Orthogonal Set
> A set of vectors {ug,up,--- ,up} in R is an orthogonal set
if the vectors in the set are mutually orthogonal.
EX: Show the set {u1, up,u3,us} is orthogonal set, where

3 -1 -1 0
ui=| 1], u= 2 ,u3=| —4 | ,usz=10
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Orthogonal Set

> A set of vectors {ug,up,--- ,up} in R is an orthogonal set
if the vectors in the set are mutually orthogonal.

EX: Show the set {u1, up,u3,us} is orthogonal set, where

3 -1 -1 0
ui=| 1], u= 2 ,u3=| —4 | ,usz=10
1 1 7 0

» SOLUTION: Must verify that u,-T u; =0 for all i < j. Indeed
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Orthogonal Set

> A set of vectors {ug,up,--- ,up} in R is an orthogonal set
if the vectors in the set are mutually orthogonal.

EX: Show the set {u1, up,u3,us} is orthogonal set, where

3 -1 -1 0
ui=| 1], u= 2 ,u3=| —4 | ,usz=10
1 1 7 0

» SOLUTION: Must verify that u,-T u; =0 for all i < j. Indeed

u/u, = 3-(-1)+1-24+1-1=0,

u/ug = 3-(-1)+1-(-4)+1-(-7)=0,
ujug = (=1)-(-1)+2-(-4)+1-(-7) =0,
u/u =0 =123

18 /34



Orthogonal Set

> A set of vectors {uy,uz,--- ,up} in R" is an orthogonal set
if the vectors in the set are mutually orthogonal.

19/34



Orthogonal Set

> A set of vectors {uy,uz,--- ,up} in R" is an orthogonal set
if the vectors in the set are mutually orthogonal.

Thm: Assume S = {ug,up,--- ,u,} is orthogonal set of non-zero
vectors. Then § is L.I.D set.
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Orthogonal Set

> A set of vectors {uy,uz,--- ,up} in R" is an orthogonal set
if the vectors in the set are mutually orthogonal.

Thm: Assume S = {ug,up,--- ,u,} is orthogonal set of non-zero
vectors. Then § is L.I.D set.

» PROOF: Let
aju; +aouy+ - +apu, =0. (41)

» Inner product with u; on both sides of (1), for j=1,---,p

UJT(Oé]_U]_‘l‘OéQUg"‘"“"OépUp):0. (42)

» All cross terms in (¢2) die due to orthogonality:

aj uJTuj =0. == Must have aj = 0 since u; # 0.

19/34



> An orthogonal basis for a subspace W C R" is a basis for
W that is also an orthogonal set.
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> An orthogonal basis for a subspace W C R" is a basis for
W that is also an orthogonal set.

Thm: Let {uj,u,--- ,u,} be an orthogonal basis for a subspace
W C R". Then for each y € W, we must have
T .
_ : Yy w oo
y=oauitagupt--Fapup,  with oy ===, j=1---,p.
uJ- uj
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> An orthogonal basis for a subspace W C R" is a basis for
W that is also an orthogonal set.

Thm: Let {uj,u,--- ,u,} be an orthogonal basis for a subspace
W C R". Then for each y € W, we must have
T .
_ : Yy w oo
y=oauitagupt--Fapup,  with oy ===, j=1---,p.
uJ- uj

» PROOF: Giveny € W, y is linear combination of basis

vectors:
> Inner product with u; on both sides of (¢1), for j=1,---,p
ujTy:uJ-T(ozlul+Oé2u2+"'+04pup)- (£2)

> All cross terms in (¢2) die due to orthogonality:

T T y'uj
— , o j
ui y=ajuiu;. = Must have a; =

ul

o

20 /34



EX: Given the set S = {u;,uy,us3} is orthogonal basis, where

3 -1 -1
u; = 1 , Uy = 2 , Uz = —4
1 7

1
6
Express y = 1 as linear combination of vectors in S.
-8
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EX: Given the set S = {u;,uy,us3} is orthogonal basis, where

3 -1 -1
u; = 1 , Uy = 2 , Uz = —4
1 1 7
6
Express y = 1 as linear combination of vectors in S.
-8

» SOLUTION: Write y = aj u; + apuz + azusz  with

ylu 11 1
o = = —_— y
' ui’— u; 11
o — yTuQ _—12 5
> - u;— u 6 7
ylu3; —66 1
(87 = = — = —1.
3 u:,;r us 66

» Soy=u; —2us — us.

21/34



Eastern hemisphere?




Eastern hemisphere?

orthogonal projection: Humans evolutionary trained to see 3D in 2D views




Orthogonal Projection

» Given non-zero vector u € R".
» For any vector y € R", decompose

y =y+z, where yeSpan{u}, zec (Span{u})’. (41)
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Orthogonal Projection

» Given non-zero vector u € R".
» For any vector y € R", decompose

y=y+z, where yeSpan{u}, ze (Span{u})t. (&)

» Let y = cvu. Re-write (¢1) as
y=au+z, where zc (Span{u})’. (42)

» Inner product with u on both sides of (¢»),

-
u
u'y=u"(au+z)=au’u. = Must have a = yT :
u’u
def Y U
» orthogonal projection |y = Proj, y = = u|
u'u

(L = Span {u})

23 /34



Orthonormal Set

» DEFINITION: Set § = {uy,--- ,up} is orthonormal set if S
is orthogonal set of unit vectors.

» An orthonormal basis is basis that is orthonormal set.

» EX: Show the set {uj, uy,u3} is orthogonal set, where

3 -1 -1
u; = 1 , Uy = 2 , Uz = —4
1 1 7
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Orthonormal Set

v

DEFINITION: Set S = {uy,--- ,up} is orthonormal set if S
is orthogonal set of unit vectors.

v

An orthonormal basis is basis that is orthonormal set.

» EX: Show the set {uj, uy,u3} is orthogonal set, where

3 -1 -1
u; = 1 , Uy = 2 , Uz = —4
1 1 7

v

SOLUTION: Only need to verify mutual orthogonality:

ulTuz:O7 ulTU3:O, u2TU3:0.

24 /34



Orthonormal Set

» DEFINITION: Set & = {uy,--- ,up} is orthonormal set if S
is orthogonal set of unit vectors.

» An orthonormal basis is basis that is orthonormal set.

» EXAMPLE: Show the set {vi,vp,v3} is orthonormal, where

3 -1 -1
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Orthonormal Set

» DEFINITION: Set & = {uy,--- ,up} is orthonormal set if S
is orthogonal set of unit vectors.

» An orthonormal basis is basis that is orthonormal set.

» EXAMPLE: Show the set {vi,vp,v3} is orthonormal, where

LT ) (R T I
_\/ﬁ 172—\/6 1 73_\/% 7

Vi

» SOLUTION: Only need to verify vectors have unit length:

u3

sl

up u»
Vi= 17—, V2= , V3
[Juz] [Juz||
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Orthonormal Set

» DEFINITION: Set & = {uy,--- ,up} is orthonormal set if S
is orthogonal set of unit vectors.

v

An orthonormal basis is basis that is orthonormal set.

v

EXAMPLE: Show the set {vj, vy, v3} is orthonormal, where

13 1_1 1_1

vi=—= | 11|, vo=—| 2 |, v3=

v

SOLUTION: Only need to verify vectors have unit length:
u3
[Jus|

up u»
Vi= 17—, V2= , V3 =
[Juz] 2|l

lu

v

{v1,v2,v3} is orthonormal basis for R3

25 /34



Thm: Matrix U € R™*" has orthonormal columns < UT U = I.

PROOF: Let U = (u1,--- ,up). Then
uf
Ut u= : (ul,---,u,,):(u,TuJ-).
ul

n

The (i,j) entry of UT U is u] u;.
T

» For i=j:u;/u; =1, each column of U has unit length.

» For i # j :ulu; =0, each pair of columns of U is orthogonal.

26
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Matrix of orthonormal columns, EXAMPLE

» U = (vi1,v2,v3), where

ﬁ

—

[ary
Sl-
()]

[y
%‘H
()]

~
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Matrix of orthonormal columns, EXAMPLE

» U = (vi1,v2,v3), where

3 I S |
Vil y6 V66
U= | L 2 _a
e e
Vii V6 V66
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Matrix of orthonormal columns, EXAMPLE

» U = (vi1,v2,v3), where

3 I S |
Vil y6 V66
U= | L 2 _a
e e
Vii V6 V66

» UTU=1, Uec R3S
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Matrix of orthonormal columns, EXAMPLE

» U = (vi1,v2,v3), where

3 I S |
Vil y6 V66
U= | L 2 _a
e e
Vii V6 V66

» UTU=1, UeR¥3,
» — U l=yT.

27 /34



Thm: Let U € R™*" have orthonormal columns. Then for x,y € R"

a. |[Ux| =|x||. Preserves length.

b. (Ux)T (Uy)=xTy. Preserves inner product.
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Thm: Let U € R™*" have orthonormal columns. Then for x,y € R"

a. |[Ux| =|x||. Preserves length.

b. (Ux)T (Uy)=xTy. Preserves inner product.

» PrROOF OF (b.):

(Ux)T (Uy) =xT (UT U) y=x"y.
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Thm: Let U € R™*" have orthonormal columns. Then for x,y € R"

a. |[Ux| =|x||. Preserves length.

b. (Ux)T (Uy)=xTy. Preserves inner product.

» PrROOF OF (b.):

(Ux)T (Uy) =xT (UT U) y=x"y.

» PROOF OF (a.): Lety =x in (b.).

28 /34



Square matrix of orthonormal columns, EXAMPLE

3 1 1
V11 V6 V66
Uu=1| L =z _ 4
By
Vil V6 V66

29 /34



Square matrix of orthonormal columns, EXAMPLE

3 1 1
VIL Y6 Vss
Uu=1| L =z _ 4
LI R
VII V6 V6o

» UTU=1, UeR¥E. = U l=UT.

29 /34



Square matrix of orthonormal columns, EXAMPLE

3 1 1
VIL Y6 Vss
u=1| L =z _ 4
LI R
VII V6 V6o

» UTU=1, UeR¥E. = U l=UT.
» DEFINITION: Square matrix of orthonormal columns is
orthogonal matrix.
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§6.3 Orthogonal Projection
Let W be a subspace of R" with orthogonal basis {uy,--- ,up}.
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§6.3 Orthogonal Projection
Let W be a subspace of R" with orthogonal basis {uy,--- ,up}.
» Thm: For any vector y € R", there exists unique
ye W, ze W, such that

T T
~ . ~ up u
y=y-+z with y:yT u1+~-+yT Pu,. (0)
Z=y-§ y
0 ¥ = proj,, ¥

w

FIGURE 2 The orthogonal projection of y
onto W.
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§6.3 Orthogonal Projection

Let W be a subspace of R" with orthogonal basis {uy,--- ,up}.

» Thm: For any vector y € R", there exists unique
y e W, ze W+, such that

T T

~ . ~ u u
y=y+z. with y:yT 1u1+~--—1—y7. £
u; up upup

Up.
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§6.3 Orthogonal Projection
Let W be a subspace of R" with orthogonal basis {uy,--- ,up}.

» Thm: For any vector y € R", there exists unique
y e W, ze W+, such that

T T
~ . ~ Yy u y up

=yt z with = u; +---+ u,. ¢

y=y y oTu " uTu," ()

» PROOF: It is clear thaty € W. Let

T
e y um y up

-
z=y-y=y-— up -+ u, | .
y=y=y <u1Tu1 ! ul u, p)

Q
=
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§6.3 Orthogonal Projection
Let W be a subspace of R" with orthogonal basis {uy,--- ,up}.

» Thm: For any vector y € R", there exists unique
y e W, ze W+, such that

T T
~ L~ u u
y=y-+z with y:yT 1u1+---—|—yT Pup. 0)
u; up u, up

» PROOF: It is clear thaty € W. Let

def -~ y uy yTUp
Z=Yy—y=Yy— T u1++ T up .
u; up u, up
> Inner product of uj and z for j =1,--- , p:
T T T
up u u;
u z=uly—u/ Y Wy L0y :u-Ty—u-Tu-yij:O.
J J i \uTu ulu. P J J T
1 1 P P uj uJ
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» Thm: For any vector y € R", there exists unique
y e W, ze W+, such that
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~ L~ u u
y=y-+z with y:yT 1u1+---—|—yT Pup. 0)
u; up u, up

» PROOF: It is clear thaty € W. Let

def -~ y uy yTUp
z:y—y:y— T u1++ T up .
u; u up up
> Inner product of uj and z for j =1,--- , p:
T T T
up u u;
u-Tz:u-Ty—u-T y up ~~+y Pu :u-Ty—u-Tu-yij:O
J J I \uTu ulu. P J J T
1 1 P P uj uJ
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Orthogonal Projection, EXAMPLE
Let W%'s ithv, = &= | 1 -
e = Span{vi, vy}, with v; = el , Wy =

3
andy=| 2 |. Writey=y+2z withye W, ze Wi,
1

32/34



Orthogonal Projection, EXAMPLE

3 -1
def .
Let W = Span {vy,vs}, with v; = \/% i , Wy = % i
3
andy=| 2 |. Writey =y +2z withye W, zc W+,
1
SOLUTION:
T T 3 -1 97
~ v v 12 1 1
y:yT 1V1+y.,_ 1\,2:7 1 + = 2 = — 58
v Vi vy V2 11 1 3 1 33 47
and
z=y—-y= ; 1 g; 1 g
1] B |ar] B e
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Best Approximation
Let W be a subspace of R" with orthogonal basis {uy,--- ,up}.

33/34



Best Approximation

Let W be a subspace of R" with orthogonal basis {uy,--- ,up}.

» DEFINITION: For any vector y € R", define
orthogonal projection as

-
. _,\_yTul y Up
projyy =y = "F—ur+- -+ —=—up

u; ug u up

33/34



Best Approximation

Let W be a subspace of R" with orthogonal basis {uy,--- ,up}.

» DEFINITION: For any vector y € R", define
orthogonal projection as

T T
. ~ Yy u y Uup
projyy =y = "F—ur+- -+ —=—up
u; ug u up

» Thm: Forallve W,v #Yy,
ly =yl <lly —vll-

33/34



Best Approximation

Let W be a subspace of R" with orthogonal basis {uy,--- ,up}.

» DEFINITION: For any vector y € R", define
orthogonal projection as

T T
. ~ Yy u y Uup
projyy =y = "F—ur+- -+ —=—up
u; ug u up

» Thm: Forallve W,v #Yy,
ly =yl <lly —vll-

5 1§ —vil

FIGURE 4 The orthogonal projection of y
onto W is the closest pointin W to y.
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Best Approximation

Let W be a subspace of R" with orthogonal basis {uy,--- ,up}.

» DEFINITION: For any vector y € R”, define
orthogonal projection as

T T
projyy =Yy y W, + +y %y
pr— = ——— 1 DY
W u/ ug ulu, ”
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Best Approximation

Let W be a subspace of R" with orthogonal basis {uy,--- ,up}.

» DEFINITION: For any vector y € R”, define
orthogonal projection as

T T
. ~ Yy u y Up
Projyyy =y = —F—ur+---+—=—Up

» Thm: Forallve W,v #Yy,

ly =yl <lly — vl

PROOF: It is clear that z % y—y € W= Then
y-v=z+(y-v),
with z € W',y —v € W. By Pythagorean Thm,

2 2 S 2 2
ly = vII" = llz[I" + 1y = v[* > [|lz[*. O
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