
Change of Basis
Consider two bases for vector space V :

B = {b1,b2, · · · ,bn} , C = {c1, c2, · · · , cn} .

change-of-coordinates matrix:
P

C ← B def
= [[b1]C , [b2]C , · · · , [bn]C] .

Thm: For any vector x ∈ V , [x]C =
P

C ← B [x]B
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EX: Consider two bases for R2: B = {b1,b2} , C = {c1, c2} .

with b1 =

[
−9

1

]
, b2 =

[
−5
−1

]
, c1 =

[
1
−4

]
, c2 =

[
3
−5

]
.

Find
P

C ← B = [[b1]C , [b2]C]

Solution: Let [b1]C =

[
α1

α2

]
. Then

b1 = α1 c1+α2 c2 =
[
c1 c2

] [ α1

α2

]
=⇒

[
α1

α2

]
=
[
c1 c2

]−1
b1.

therefore [b1]C =
[
c1 c2

]−1
b1, and [b2]C =

[
c1 c2

]−1
b2.

P
C ← B = [[b1]C , [b2]C] =

[
c1 c2

]−1 [
b1 b2

]
=

[
1 3
−4 −5

]−1 [ −9 −5
1 −1

]
=

[
6 4
−5 −3

]
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§5.1 Eigenvalues and Eigenvectors

Def: Given A ∈ Rn×n, the eigenvalue and eigenvector are a
pair of scalar λ and non-zero vector x such that A x = λ x.

Example: A =

[
3 −2
1 0

]
, x =

[
2
1

]
and λ = 2.

A x = λ x :

[
3 −2
1 0

] [
2
1

]
= 2

[
2
1

]
.
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Example: Let A =

 4 −1 6
2 1 6
2 −1 8

 . An eigenvalue of A is λ = 2.

Find the corresponding eigenvector.

Solution: Let vector x 6= 0 such that

A x = λ x :

 4 −1 6
2 1 6
2 −1 8

 x = 2 x =

 2 0 0
0 2 0
0 0 2

 x.

 4 −1 6
2 1 6
2 −1 8

−
 2 0 0

0 2 0
0 0 2

 x = 0, =⇒

 2 −1 6
2 −1 6
2 −1 6

 x = 0.

x = x1

 1
2
0

+ x3

 0
6
1

 .
Eigenvector is any non-zero vector in Span

 1
2
0

 ,
 0

6
1


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Eigenspace
Given A ∈ Rn×n, the eigenvalue, eigenvector pair satisfies

A x = λ x

= (λ I ) x.

Merging terms: (A− λ I ) x = 0, =⇒ x ∈ Nul (A− λ I ) .
⇑

Def: eigenspace of A corresponding to λ
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Thm: If A ∈ Rn×n is a matrix and λ1, λ2, · · · , λk are distinct
eigenvalues of A with associated eigenvectors v1, v2, · · · , vk ,
then {v1, v2, · · · , vk} is a linearly independent set.

Proof: Induction on k. For k = 1, let

α1 v1 = 0.

Then α1 = 0

{v1} is a linearly independent set
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Proof: Assume Thm true for k = s ≥ 1. For k = s + 1 ≥ 2, let

α1 v1 + α2 v2 + · · ·+ αk vk = 0.

Then α1 λk v1 + α2 λk v2 + · · ·+ αk λk vk = 0 (`1)

and A (α1 v1 + α2 v2 + · · ·+ αk vk)

= α1 λ1 v1 + α2 λ2 v2 + · · ·+ αk λk vk = 0. (`2)

Taking difference between (`1) and (`2),

α1 (λ1 − λk) v1 + α2 (λ2 − λk) v2 + · · ·+ αk−1 (λk−1 − λk) vk−1 = 0.

By induction, α1 = α2 = · · · = αk−1 = 0, and so αk = 0.

10 / 30



Thm: If A ∈ Rn×n is a matrix and λ1, λ2, · · · , λk are distinct
eigenvalues of A with associated eigenvectors v1, v2, · · · , vk ,
then {v1, v2, · · · , vk} is a linearly independent set.

Proof: Assume Thm true for k = s ≥ 1. For k = s + 1 ≥ 2, let

α1 v1 + α2 v2 + · · ·+ αk vk = 0.

Then α1 λk v1 + α2 λk v2 + · · ·+ αk λk vk = 0 (`1)

and A (α1 v1 + α2 v2 + · · ·+ αk vk)

= α1 λ1 v1 + α2 λ2 v2 + · · ·+ αk λk vk = 0. (`2)

Taking difference between (`1) and (`2),

α1 (λ1 − λk) v1 + α2 (λ2 − λk) v2 + · · ·+ αk−1 (λk−1 − λk) vk−1 = 0.

By induction, α1 = α2 = · · · = αk−1 = 0, and so αk = 0.

10 / 30



Thm: If A ∈ Rn×n is a matrix and λ1, λ2, · · · , λk are distinct
eigenvalues of A with associated eigenvectors v1, v2, · · · , vk ,
then {v1, v2, · · · , vk} is a linearly independent set.

Proof: Assume Thm true for k = s ≥ 1. For k = s + 1 ≥ 2, let

α1 v1 + α2 v2 + · · ·+ αk vk = 0.

Then α1 λk v1 + α2 λk v2 + · · ·+ αk λk vk = 0 (`1)

and A (α1 v1 + α2 v2 + · · ·+ αk vk)

= α1 λ1 v1 + α2 λ2 v2 + · · ·+ αk λk vk = 0. (`2)

Taking difference between (`1) and (`2),

α1 (λ1 − λk) v1 + α2 (λ2 − λk) v2 + · · ·+ αk−1 (λk−1 − λk) vk−1 = 0.

By induction, α1 = α2 = · · · = αk−1 = 0, and so αk = 0.

10 / 30



Thm: If A ∈ Rn×n is a matrix and λ1, λ2, · · · , λk are distinct
eigenvalues of A with associated eigenvectors v1, v2, · · · , vk ,
then {v1, v2, · · · , vk} is a linearly independent set.

Proof: Assume Thm true for k = s ≥ 1. For k = s + 1 ≥ 2, let

α1 v1 + α2 v2 + · · ·+ αk vk = 0.

Then α1 λk v1 + α2 λk v2 + · · ·+ αk λk vk = 0 (`1)

and A (α1 v1 + α2 v2 + · · ·+ αk vk)

= α1 λ1 v1 + α2 λ2 v2 + · · ·+ αk λk vk = 0. (`2)

Taking difference between (`1) and (`2),

α1 (λ1 − λk) v1 + α2 (λ2 − λk) v2 + · · ·+ αk−1 (λk−1 − λk) vk−1 = 0.

By induction, α1 = α2 = · · · = αk−1 = 0, and so αk = 0.

10 / 30



I Let A =

 2 0 0
1 1 2
1 −1 4

. Eigenvalues 3, 2, 2, eigenvectors

 0
1
1

 ,

 0
2
1

 ,

 −2
0
1

 .

I Let A =

 2 1 0
0 2 0
0 0 3

. Eigenvalues 2, 2, 3, eigenvectors

 1
0
0

 ,

 0
0
1

 .
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§5.2 Characteristic Equation

Problem: Let A =

[
2 3
3 −6

]
. Find eigenvalues of A

Solution: Let λ be an eigenvalue of A:

(A− λ I ) x = 0, x 6= 0

=⇒
[

2− λ 3
3 −6− λ

]
x = 0, x 6= 0

Matrix

[
2− λ 3

3 −6− λ

]
must not be invertible.

det

(
2− λ 3

3 −6− λ

)
= 0 =⇒ (2− λ) · (−6− λ)− 3 · 3 = 0.

Simplifying: λ2 + 4λ− 21 = 0. =⇒ (λ− 3) · (λ+ 7) = 0.

So eigenvalues are λ1 = 3, λ2 = −7.

(A− λ1 I ) x1 = 0, x1 =

[
3
1

]
, (A− λ2 I ) x2 = 0, x2 =

[
1
−3

]
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§5.2 Characteristic Equation
Problem: Let A ∈ Rn×n. Let λ be an eigenvalue of A:

(A− λ I ) x = 0, x 6= 0

=⇒ det (A− λ I ) = 0.

⇑
Def: characteristic equation

EX: Let A =


5 −2 6 2
0 1 1 2
0 0 −1 4
0 0 0 3

.

Find the characteristic equation of A.
Solution:

det (A− λ I ) = det


5− λ −2 6 2

0 1− λ 1 2
0 0 −1− λ 4
0 0 0 3− λ


= (5− λ) (1− λ) (−1− λ) (3− λ)
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Similarity

Def: Let A,B ∈ Rn×n. A is similar to B if there exists an
invertible matrix P ∈ Rn×n such that

A = P B P−1.

Example: A =

[
2 3
3 −6

]
,B =

[
3 0
0 −7

]
,P =

[
3 −1
1 3

]
,

then

P−1 =
1

10

[
3 1
−1 3

]
, A = P B P−1.
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Similarity

Def: Let A,B ∈ Rn×n. A is similar to B if there exists an
invertible matrix P ∈ Rn×n such that

A = P B P−1.

Thm: A and B have the same eigenvalues.
Proof: Since A− λ I = P B P−1 − λ I = P (B − λ I )P−1. We
have

det (A− λ I ) = det
(
P (B − λ I )P−1

)
= det (P) det (B − λ I )det

(
P−1

)
= det (B − λ I )

Therefore

det (A− λ I ) = 0 ⇐⇒ det (B − λ I ) = 0.
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3 −1
1 3

]
,

then

P−1 =
1

10

[
3 1
−1 3

]
, A = P B P−1.

Both A and B share the same eigenvalues. Since B has
eigenvalues 3,−7, so does A.
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AlphaZero: Board Game AI Superhuman Genius

I AlphaZero beats every human/AI in Chess/Go
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AlphaZero: Board Game AI Superhuman Genius

I AlphaZero built on Deep Reinforcement Learning
/ Markov Decision Process.
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EX: Let A =

[
0.95 0.03
0.05 0.97

]
and x0 =

[
0.6
0.4

]
, analyze the

long-term behavior of the Markov Process

xk+1 = A xk , k = 0, 1, 2, · · · , .

Solution:
I Find eigenvalues of A

det (A− λ I ) = det

(
0.95− λ 0.03

0.05 0.97− λ

)
= λ2 − 1.92λ+ 0.92 = (λ− 1)(λ− 0.92) = 0

Therefore eigenvalues are λ1 = 1, λ2 = 0.92.
I Find eigenvectors

(A− λ1 I ) v1 = 0, v1 =

[
3
5

]
, (A− λ2 I ) v2 = 0, v2 =

[
1
−1

]
I Find coordinates for x0 in {v1, v2} basis:

x0 = c1 v1+c2 v2, =⇒
[
c1
c2

]
=
[
v1 v2

]−1
x0 =

1

40

[
5
9

]
.
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EX: Analyze the long-term behavior of the Markov Process

xk+1 = A xk , k = 0, 1, 2, · · · , .
Solution: Eigenvalues are λ1 = 1, λ2 = 0.92.

A v1 = λ1 v1, A v2 = λ2 v2, v1 =

[
3
5

]
.

x0 = c1 v1 + c2 v2, =⇒
[
c1
c2

]
=

1

40

[
5
9

]
.

x1 = A x0 = c1 A v1 + c2 A v2 = c1 λ1 v1 + c2 λ2 v2,

x2 = A x1 = c1 λ1 A v1 + c2 λ2 A v2 = c1 λ
2
1 v1 + c2 λ

2
2 v2,

...

xk = A xk−1 = c1 λ
k
1 v1 + c2 λ

k
2 v2.

As k →∞, λk1 = 1, λk2 → 0, and xk → c1 v1 =
1

8

[
3
5

]
def
= xstationary.
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§5.3 Diagonalization

EX: Matrix powers of a diagonal matrix. Let D =

[
3 0
0 5

]
. Then

D2 = D · D =

[
3 0
0 5

]
·
[

3 0
0 5

]
=

[
32 0
0 52

]
,

D3 = D · D2 =

[
3 0
0 5

]
·
[

32 0
0 52

]
=

[
33 0
0 53

]
,

...

Dk = D · Dk−1 =

[
3 0
0 5

]
·
[

3k−1 0
0 5k−1

]
=

[
3k 0
0 5k

]
.
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§5.3 Diagonalization

EX: Find matrix powers of A =

[
7 2
−4 1

]
, given A = P D P−1,

with P =

[
1 1
−1 −2

]
, and D =

[
5 0
0 3

]
.

Solution:

A2 =
(
P D P−1

)
·
(
P D P−1

)
= P D2 P−1,

A3 =
(
P D P−1

)
·
(
P D2 P−1

)
= P D3 P−1,

...

Ak =
(
P D P−1

)
·
(
P Dk−1 P−1

)
= P Dk P−1

=

[
1 1
−1 −2

] [
5k 0
0 3k

] [
2 1
−1 −1

]
=

[
2 · 5k − 3k 5k − 3k

2 · 3k − 2 · 5k 2 · 3k − 5k

]
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Diagonalization

Definition: Let A ∈ Rn×n. A is diagonalizable ⇐⇒
A = P D P−1 for an invertible matrix P and diagonal matrix D.

Thm: A is diagonalizable ⇐⇒ A has n linearly independent
eigenvectors.
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Thm: A ∈ Rn is similar to a diagonal matrix D if and only if A has n
linearly independent eigenvectors.

Proof:

A has n L.I.D. eigenvectors

⇐⇒ A vj = λj vj , j = 1, 2, · · · , n. v1, v2, · · · , vn L.I.D.

⇐⇒ A (v1, v2, · · · , vn) = (λ1 v1, λ2 v2, · · · , λn vn) ,

vj , v1, v2, · · · , vn L.I.D.. (`)

Let P = (v1, v2, · · · , vn) , D = diag (λ1, λ2, · · · , λn) . Since
(λ1 v1, λ2 v2, · · · , λn vn) = P D. By (`),

A has n L.I.D. eigenvectors

⇐⇒ AP = P D P is invertible

⇐⇒ A = P D P−1

Cor: A ∈ Rn with n distinct eigenvalues is similar to diagonal
matrix.
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EX: Diagonalize the matrix A =

 1 3 3
−3 −5 −3
3 3 1

 .

Solution:

I Find e-values:

det (A− λ I ) = det

 1− λ 3 3
−3 −5− λ −3
3 3 1− λ


= (1− λ) det

 � � �
� −5− λ −3
� 3 1− λ

− (−3) det

 � 3 3
� � �
� 3 1− λ


+ (3) det

 � 3 3
� −5− λ −3
� � �


= (1− λ) (2 + λ)2

Eigenvalues are λ1 = 1, λ2 = λ3 = −2.
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EX: Diagonalize the matrix A =

 1 3 3
−3 −5 −3
3 3 1

 .

Solution: Eigenvalues are λ1 = 1, λ2 = λ3 = −2.

I Find e-vectors:

(A− λ1 I ) v1 = 0, =⇒ v1 =

 1
−1
1

 ,

(A− λ2 I ) v = 0,

 3 3 3
−3 −3 −3
3 3 3

 v = 0, =⇒ v = v2

 −1
1
0

+v3

 −1
0
1

 ,
=⇒ v2 =

 −1
1
0

 , v3 =

 −1
0
1


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EX: Diagonalize the matrix A =

 1 3 3
−3 −5 −3
3 3 1

 .

Solution:

I Eigenvalues are λ1 = 1, λ2 = λ3 = −2 with eigenvectors

v1 =

 1
−1
1

 , v2 =

 −1
1
0

 , v3 =

 −1
0
1

 .

Define: P =
[
v1 v2 v3

]
=

 1 −1 −1
−1 1 0
1 0 1

 , D =

 λ1 0 0
0 λ2 0
0 0 λ3

 .
Then P−1 =

 1 1 1
1 2 1
−1 −1 0

 , D =

 1 0 0
0 −2 0
0 0 −2

 .
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EX: Diagonalize the matrix A =

 1 3 3
−3 −5 −3
3 3 1

 .

Solution:
I Eigenvalues are λ1 = 1, λ2 = λ3 = −2 with eigenvectors

v1 =

 1
−1
1

 , v2 =

 −1
1
0

 , v3 =

 −1
0
1

 .
Define: P =

[
v1 v2 v3

]
=

 1 −1 −1
−1 1 0
1 0 1

 , D =

 λ1 0 0
0 λ2 0
0 0 λ3

 .
AP = A

[
v1 v2 v3

]
=
[
A v1 A v2 A v3

]
=
[
λ1 v1 λ2 v2 λ3 v3

]
=
[
v1 v2 v3

]  λ1 0 0
0 λ2 0
0 0 λ3

 = P D, =⇒ A = P D P−1.
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EX: Diagonalize A =

 2 4 3
−4 −6 −3
3 3 1

 , if possible

Solution:

I Find e-values:

det (A− λ I ) = det

 2− λ 4 3
−4 −6− λ −3
3 3 1− λ


= (2− λ) det

 � � �
� −6− λ −3
� 3 1− λ

− (−4) det

 � 4 3
� � �
� 3 1− λ


+ (3) det

 � 4 3
� −6− λ −3
� � �


= (1− λ) (2 + λ)2

Eigenvalues are λ1 = 1, λ2 = λ3 = −2.
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EX: Diagonalize A =

 2 4 3
−4 −6 −3
3 3 1

 , if possible

Solution: Eigenvalues are λ1 = 1, λ2 = λ3 = −2.

I Find e-vectors:

(A− λ1 I ) v1 = 0, =⇒ v1 =

 1
−1
1

 ,
(A− λ2 I ) v = 0,

 4 4 3
−4 −4 −3
3 3 3

 v = 0, =⇒ v = v2

 −1
1
0

 ,
=⇒ v2 =

 −1
1
0

 , v3 = ?.

# of L.I.D. eigenvectors < matrix dimension ⇐⇒ no diagonalization
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