Change of Basis

Consider two bases for vector space V:

B:{bl7b27"'

’bn}a

C:{Cl,C2,"' ,Cn}.
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Consider two bases for vector space V:

B:{b17b27"'abn}a C=

P
change-of-coordinates matrix: C < B

{c17c27"' ,Cn}.

def

= [[bllc ) [b2]c Z) [bn]c] :
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Change of Basis

Consider two bases for vector space V:

B:{b17b27"'abn}a C:{c17c27"'acn}'

def

P
change-of-coordinates matrix: C < B = [[bi].,[b2].,

P
Thm: For any vector x € V, [x], = C + B [x]|
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Change of Basis

Consider two bases for vector space V:

B:{b17b27"'abn}a C:{cl’c27"'acn}~

def

P
change-of-coordinates matrix: C < B = [[bi].,[b2].,

P
Thm: For any vector x € V, [x], = C + B [x]|

v
WX
[l [ g
. _multiplication .
[x]. - by c fb’ [x]z
R" R"

FIGURE 2 Two coordinate systems for V.

o [bale]-
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Change of Basis

Consider two bases for vector space V:

B:{bl,bg,'”,bn}, C:{C17C2,"‘,Cn}.
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Change of Basis

Consider two bases for vector space V:

B:{b17b27'”7bn}7 C=

P
change-of-coordinates matrix: C < B

{c1,¢2,-- ,€pn}.

def

= [lbile, b2, -

) [bn]C] .

N
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Change of Basis

Consider two bases for vector space V:

B:{bl,bg,'”,bn}, C:{C17C2,"‘,Cn}.

P
. . def
change-of-coordinates matrix: C «+ B =

P
Thm: For any vector x € V, [x], = C+ B [x]z

PROOF: Let x=a3 by + - -+ apb, sothat [x]z =

= [lbile, b2, -

) [bn]C] .

ay
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N
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Change of Basis

Consider two bases for vector space V:
B:{bl,bg,'”,bn}, C:{C17C2,"‘,Cn}.

P
. . def
change-of-coordinates matrix: C «+ B =

P
Thm: For any vector x € V, [x], = C+ B [x]z

a1
PROOF: Let x=a3 by + - -+ apb, sothat [x]z =

Qp

[X]C = [061 b; + -+ ap bn]c

= [lbdc, [bole -+, [bale]-

N
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Change of Basis

Consider two bases for vector space V:
B:{bl,bg,'”,bn}, C:{C17C2,"‘,Cn}.

P
. . def
change-of-coordinates matrix: C «+ B =

P
Thm: For any vector x € V, [x], = C+ B [x]z

a1
PROOF: Let x=a3 by + - -+ apb, sothat [x]z =

Qp

[Xle = [a1bi+---+anbs]e = a1 [bi]e + -+ an [balc

= [lbdc, [bole -+, [bale]-

N)
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Change of Basis

Consider two bases for vector space V:
B:{bl,bg,'”,bn}, C:{C17C2,"‘,Cn}.

def

P
change-of-coordinates matrix: C < B = [[bi];,[b2]., - ,[bnl.]-

P
Thm: For any vector x € V, [x], = C+ B [x]z

a1
PROOF: Let x=a3 by + - -+ apb, sothat [x]z =
Qp
x]|p = [aabi+ -+ a,by)e = a1 [bi]p + -+ an [bn]e

= [[bl]c ) [b2]c ) [bn]c]
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Change of Basis

Consider two bases for vector space V:
B:{bl,bg,'”,bn}, C:{C17C2,"‘,Cn}.

def

P
change-of-coordinates matrix: C < B = [[bi];,[b2]., - ,[bnl.]-

P
Thm: For any vector x € V, [x], = C+ B [x]z

a1
PROOF: Let x=a3 by + - -+ apb, sothat [x]z =
Qn
x]|p = [aabi+ -+ a,by)e = a1 [bi]p + -+ an [bn]e
a7 p
= [[bi]¢,[b2]c, - s [bnlc] | = C+ B [Xg
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EX: Consider two bases for R?: B = {by, by},

C = {Cl,CQ} .
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EX: Consider two bases for R?: B = {by, by},

with b1:|:?:|, b2:|:_?:|7 c1:|:

Find C : B =[[bi]., [b2].]

1

—4

C = {Cl,CQ} .

| o[ 2]
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EX: Consider two bases for R?: B = {by, by},

with b1:|:?:|, b2:|:_?:|7 c1:|:

P
Find C « B =[[bi]., [b2].]
Qg

SOLUTION: Let [by], = [ N ] Then
2

bi =a1ci+az e

1

—4

C={c1,c}.

| o[ 3]

30



EX: Consider two bases for R?: B = {by,by}, C = {c1,c}.

e[ 2] e [£] e[ 2] oo 3]

P
Find C « B =[[bi]., [b2].]
Qg

SOLUTION: Let [by], = [ N ] Then
2

bi =aicitmc = ¢ | [al }



EX: Consider two bases for R?: B = {by,by}, C = {c1,c}.

e[ 2] e [£] e[ 2] oo 3]

P
Find C « B =[[bi]., [b2].]
(71
SOLUTION: Let [by], = [ N ] Then
2
b; = ajcif+ascy = [ i ] [041 } S [ a1 ] — [ C1 C2 ]*1 b;.

a2 a2

therefore [by]l, = c1 ¢ ]_1 bi, and [bo]e=[a e ]_1 b>.

C : B [[bl]c,[bg]c] = [ Ci ©Co ]_1 [ b1 b2 ]

S SR I I (Y



5.1 Eigenvalues and Eigenvectors

DEF: Given A € R™", the eigenvalue and eigenvector are a
pair of scalar A and non-zero vector x such that Ax = Ax.
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5.1 Eigenvalues and Eigenvectors

DEF: Given A € R™", the eigenvalue and eigenvector are a
pair of scalar A and non-zero vector x such that Ax = Ax.

3
Example: A = [ 10

Ax = Ax:

—2 ,x:[i]and)\zz




5.1 Eigenvalues and Eigenvectors

Google pagerank eigenveator
A images  Videos  News Shopping More Settings Tools

About 87,400 results (0.44 seconds)

PageRank Algorithm - The Mathematics of Google Search
pi.rmath 1 htmi ~
From Example 6 in Lecture 1 we know that the e o the
1 are of the form . Since PageRank should reflect only the relative

HITS Algorithm - Hubs - Lecture 1 - Transition matrix

Why is PageRank an eigenvector problem? - Mathematics Stack
Exchange

tionst... . i

1 answer
Sep 19, 2014 - TL.DR: since the pagerank algorithm is an ilerative ap
matrix, the ullimate pagerank vector will ook a lot like an eigenvector .

ication of the link

numerical mot s L g as an .. Sep 21,2016
matrices - What is the F i and .. Oct 25, 2015
linear algebra - Eig. of -. Jan 10, 2015

- Goni rate of . the problem when the ... May 10, 2014
More results from math.stackesxchange.corm

SRS oo =
D Ly
BB Do

ADERE

4 o

PageRank: The Computational Linear Matrices & Google's >
eigenvector everyone Algebra 9: K g 1k Algorithm
uses with Eigen

Decompositions
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65.1 Eigenvalues and Eigenvectors

North Pole

South Pole

DA
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4 -1 6
Example: Let A=| 2 1 6

2 -1 8
Find the corresponding eigenvector.

. An eigenvalue of Alis A = 2.

~
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4 -1 6

Example: Let A= | 2 1 6 |.An eigenvalue of Ais A =2.
2 -1 8

Find the corresponding eigenvector.

SOLUTION: Let vector x # 0 such that

4 -1 6 2 00
AX = Ax: 2 1 6 x=2x=1|0 2 0| x
2 -1 8 0 0 2
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4 -1 6

Example: Let A= | 2 1 6 |.An eigenvalue of Ais A =2.

2 -1 8
Find the corresponding eigenvector.

SOLUTION: Let vector x # 0 such that

4 -1 6 2 00
AX = AX: 2 1 6| x=2x=|02 01| x
2 -1 8 0 0 2
4 -1 6 2 00 2 -1 6
2 1 6|—-1020 x=0 = |2 -1 6
2 -1 8 0 0 2 2 -1 6

~
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4 -1 6

Example: Let A= | 2 1 6 |.An eigenvalue of Ais A =2.
2 -1 8

Find the corresponding eigenvector.

SOLUTION: Let vector x # 0 such that

4 -1 6 2 00
AX = Ax: 2 1 6| x=2x=1]0 2 0| x
2 -1 8 0 0 2
4 -1 6 2 00 2 -1 6
2 1 6|—-1020 x=0, = |2 -1 6| x=0
2 -1 8 0 0 2 2 -1 6
1 0
X=x1 | 2| +x3 | 6
0 1

30
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4 -1 6

Example: Let A= | 2 1 6 |.An eigenvalue of Ais A =2.
2 -1 8

Find the corresponding eigenvector.

SOLUTION: Let vector x # 0 such that

4 -1 6 2 00
Ax=Ax: 2 1 6| x=2x=|0 2 0] x
2 -1 8 0 0 2
4 -1 6 2 00 2 -1 6
2 1 6(—-]0 20 x=0, = |2 -1 6 | x=0
2 -1 8 0 0 2 2 -1 6
1 0
X=x1 | 2 |+x3 | 6
0 1
1 0
Eigenvector is any non-zero vector in Span 21,16

30
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Eigenspace
Given A € R™"_ the eigenvalue, eigenvector pair satisfies

Ax = Ax
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Eigenspace
Given A € R™"_ the eigenvalue, eigenvector pair satisfies

Ax = Ax=(\I)x

Merging terms:  (A— A1) x=0,
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Eigenspace
Given A € R™"_ the eigenvalue, eigenvector pair satisfies

Ax = Ax=(\I)x
Merging terms: (A— A1) x=0, = x & Nul (A—\/).
T

DEF: eigenspace of A corresponding to A

Multiplication
byA

FIGURE 3 A acts as a dilation on the eigenspace.
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Thm: If A R™" is a matrix and A1, Ao, - -+, Ak are distinct
eigenvalues of A with associated eigenvectors vi,va, - -, Vg,
then {vi,vo,--- vk} is a linearly independent set.
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Thm: If A R™" is a matrix and A1, Ao, - -+, Ak are distinct
eigenvalues of A with associated eigenvectors vi,va, - -, Vg,
then {vi,vo,--- vk} is a linearly independent set.

Proof: Induction on k. For k =1, let

a1V = 0
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Thm: If A R™" is a matrix and A1, Ao, - -+, Ak are distinct
eigenvalues of A with associated eigenvectors vi,va, - -, Vg,
then {vi,vo,--- vk} is a linearly independent set.

Proof: Induction on k. For k =1, let

a1V = 0

Then o1 =0

{v1} is a linearly independent set
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Thm: If Ac R"™"is a matrix and A1, Ao, - -+, A\x are distinct
eigenvalues of A with associated eigenvectors vi,va, - -+, Vg,
then {vi,vo, -, vk} is a linearly independent set.
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Thm: If Ac R"™"is a matrix and A1, Ao, - -+, A\x are distinct
eigenvalues of A with associated eigenvectors vi,va, - -+, Vg,
then {vi,vo, -, vk} is a linearly independent set.

Proof: Assume Thm true for k =s>1. Fork=s+1> 2, let

a1V +aovo + -+ agve =0.
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Thm: If Ac R"™"is a matrix and A1, Ao, - -+, A\x are distinct
eigenvalues of A with associated eigenvectors vi,va, - -+, Vg,
then {vi,vo, -, vk} is a linearly independent set.

Proof: Assume Thm true for k =s>1. Fork=s+1> 2, let
a1V +aovo + -+ agve =0.
Then aijAevi+axAgvo+ -+ agAeve =0 (51)

and A(a1v1+a2v2—|—-~-+akvk)
=ag M vi+azdova+ -+ ag v = 0.(62)
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Thm: If Ac R"™"is a matrix and A1, Ao, - -+, A\x are distinct
eigenvalues of A with associated eigenvectors vi,va, - -+, Vg,
then {vi,vo, -, vk} is a linearly independent set.

Proof: Assume Thm true for k =s>1. Fork=s+1> 2, let

a1V +aovo + -+ agve =0.

Then aijAevi+axAgvo+ -+ agAeve =0 (51)

and A(a1v1+a2v2—|—-~-+akvk)
=ag M vi+azdova+ -+ ag v = 0.(62)

Taking difference between (¢1) and (¢2),

a1 (A= A) vitaz (A2 = X)) v+ a1 (Ak—1— M) Vo1 = 0.

By induction, 1 =ap =---=a,_1 =0,and so ay = 0. [J

10/30



2 0 O
»Let A= 1 1 2 |. Eigenvalues 3,2,2, eigenvectors
1 -1 4
0 0 -2
, 2 |, 0
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2 0 O
»Let A= 1 1 2 |. Eigenvalues 3,2,2, eigenvectors
1 -1 4
0 0 -2
1], 2 |, 0
1 1 1
210
» Let A=1| 0 2 0 |. Eigenvalues 2,2, 3, eigenvectors
0 0 3
1 0
0], 0
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§5.2 Characteristic Equation
2

PROBLEM: Let A = [ 3

—36 ] Find eigenvalues of A
SOLUTION: Let A be an eigenvalue of A:

(A—A)x=0, x#0
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§5.2 Characteristic Equation

2 3

PROBLEM: Let A = [ 3 _6

SOLUTION: Let A be an eigenv

. Find eigenvalues of A

alue of A:

2\ 3 0. x40

(A=A x=0, x#0=

2—-A 3
3 —6—A

2—A 3
det( 3 —6—)\>_0

Matrix [

36—\ |7

} must not be invertible.
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§5.2 Characteristic Equation

2

PROBLEM: Let A = [ 3

3

6 |- Find eigenvalues of A

SOLUTION: Let A be an eigenvalue of A:

[2—- ) 3

(A—X)x=0, x#0= -

2—-A 3

Matrix [ 3 6\

36—\ |7

} must not be invertible.

0, x#0

det<2_)\ 3 >:0:>(2—)\)-(—6—)\)—3-3:0.

3 —6—-A
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§5.2 Characteristic Equation
2 3

PROBLEM: Let A = [ 3 _6

. Find eigenvalues of A

SOLUTION: Let A be an eigenvalue of A:

(A-ADx=0, x#0=—> 2? _63_A x=0, x£0

2—-A 3

Matrix [ 3 6\

} must not be invertible.

2-)x 3
det( 3 _6_)\>—0:>(2—)\)-(—6—)\)—3-3—0.

Simplifying: )2 +4)\—21 =0.



§5.2 Characteristic Equation

2

PROBLEM: Let A = [ 3

3

6 |- Find eigenvalues of A

SOLUTION: Let A be an eigenvalue of A:

[2—- ) 3

(A=X)x=0, x#0= =0, x#0

Matrix [ 2—A 3

3 —6—A

36—\ |7

} must not be invertible.

det<2_)\ 3 >:0:>(2—)\)-(—6—)\)—3-3:0.

3 —6—-A

Simplifying: A2 +4 ) —

21 =0. = (A=3)-(A+7)=0.



§5.2 Characteristic Equation
2 3

PROBLEM: Let A = [ 3 _6

. Find eigenvalues of A

SOLUTION: Let A be an eigenvalue of A:

(A-ADx=0, x#0=—> 2? _63_A x=0, x£0

. 2—A 3 . .
Matrix [ 3 6\ } must not be invertible.
2— )\ 3
det( 3 _6_)\>—0:>(2—)\)-(—6—)\)—3-3—0.
Simplifying: A\ +4)\-21=0. — A=3)-(A+T7)=0.
So eigenvalues are Ay =3, \p = —T7.

(A_)\]_I)xl — 07 X1_|:i:|, (/4—)\2I)X2:07 X2_|:_13:|
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§5.2 Characteristic Equation
PROBLEM: Let A € R"*". Let A be an eigenvalue of A:

(A—X)x=0, x#0
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§5.2 Characteristic Equation
PROBLEM: Let A € R"*". Let A be an eigenvalue of A:

(A=X)x=0, x#0=>det(A—\l)=0.
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§5.2 Characteristic Equation
PROBLEM: Let A € R"*". Let A be an eigenvalue of A:

(A=X)x=0, x#0=>det(A—\l)=0.

fr

DEF: characteristic equation
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§5.2 Characteristic Equation
PROBLEM: Let A € R"*". Let A be an eigenvalue of A:

(A=X)x=0, x#0=>det(A—\l)=0.

i)
DEF: characteristic equation
5 -2 6 2
0 1 1 2
EX: Let A= 0 0 -1 4
0 0 0 3

Find the characteristic equation of A.
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§5.2 Characteristic Equation
PROBLEM: Let A € R"*". Let A be an eigenvalue of A:

(A=X)x=0, x#0=>det(A—\l)=0.

i)
DEF: characteristic equation
5 -2 6 2
1 1 2
EX: Let A= 8 0 -1 4
0 0 0 3
Find the characteristic equation of A.
SOLUTION:
5—-X =2 6 2
0 1—A 1 2
det(A—\/) = det 0 0 —1-\ 4
0 0 0 3—-)
= G-ANA-N)(1-N)@B=1

13/30



Similarity

DEF: Let A, B € R™". Ais similar to B if there exists an
invertible matrix P € R™*" such that

A=PBP L
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Similarity

DEF: Let A, B € R™". Ais similar to B if there exists an
invertible matrix P € R™*" such that

A=PBPL
2 3 3 0 3 -1
Example.A—[3 —6]’ _[O _7}, _[1 3}
then

1
pt [flé], A=PBPL
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Similarity

DEF: Let A, B € R™". A'is similar to B if there exists an
invertible matrix P € R"*" such that

A=PBP L
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Similarity

DEF: Let A, B € R™". A'is similar to B if there exists an
invertible matrix P € R"*" such that

A=PBP L

Thm: A and B have the same eigenvalues.
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Similarity
DEF: Let A, B € R™". A'is similar to B if there exists an
invertible matrix P € R"*" such that

A=PBP L

Thm: A and B have the same eigenvalues.
PROOF: Since A— Al =PBP 1 —XI=P(B—-XI)P1 We
have

det(A—Al) = det(P (B—\I)PY)
= det(P) det(B — \/)det (P1)
= det(B—\/)

Therefore

det(A—A/)=0 <= det(B—A/)=0.

15/30



Similarity

amie: 4= [2 262 0] [2 ]

then

16 /30



Similarity

Example:A:[g _36],8:[3 0 },P:[E” _1}

then

P—l

13 1
1013

], A=PBP L

Both A and B share the same eigenvalues. Since B has
eigenvalues 3, —7, so does A.
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AlphaZero: Board Game Al Superhuman Genius

» AlphaZero beats every human/Al in Chess/Go

Ar Poasr o SO e e i B
CaE IH =¥l 2 o e ko D el acree e

ALL SYS TEMS Er'ﬂ
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AlphaZero: Board Game Al Superhuman Genius

» AlphaZero built on Deep Reinforcement Learning
/ Markov Decision Process.

Markov Decision Process (MDP)

= seb ol stated 5, ot af acliong A, initial state 5,

= transitian model Pis.a,5")
B L O ) YO
= rewward function ris) new e :

o [4.3] 1= +1
= goall maximize cumulative refsvand in The long run

s policy: magping from 5 [o A

- misiar zje A ddeterminisric vio stochastic

s reinloecement leanming
- transiticos and rewards usoally nit availalbls
hiayy to charge the palicy Based on expericnos
hiave Do el e e vl ronament
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0.95 0.03 0.6
EX: Let A= [ 0.05 0.97 } and xg = [ 0.4 ] analyze the
long-term behavior of the MARKOV PROCESS

Xk+]_:AXk, k:071)2)"'7'
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0.95 0.03 0.6
EX: Let A= [ 0.05 0.97 } and xg = [ 0.4 ] analyze the
long-term behavior of the MARKOV PROCESS

Xk+]_:AXk, k:071)2)"'7'

SOLUTION:
» Find eigenvalues of A

0.05 097 — X\
= M -192X+092=(\-1)(A-0.92)=0

Therefore eigenvalues are A\; = 1, A\» = 0.92.

det(A_Al) — det(o.gs—A 0.03 >
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EX: Let A= [ 0.05 0.97 } and xg = [ 0.4 ] analyze the
long-term behavior of the MARKOV PROCESS

Xk+]_:AXk, k:071)2)"'7'

SOLUTION:
» Find eigenvalues of A

0.05 097 — X\
= M -192X+092=(\-1)(A-0.92)=0

Therefore eigenvalues are A\; = 1, A\» = 0.92.
» Find eigenvectors

det(A_Al) — det(o.gs—A 0.03 >

(A—x v = 0, vlz[ﬂ, (A=X2l)v2 =0, "2:{_11]
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0.95 0.03 0.6
EX: Let A= [ 0.05 0.97 } and xg = [ 0.4 ] analyze the
long-term behavior of the MARKOV PROCESS

Xk+]_:AXk, k:071)2)"'7'

SOLUTION:
» Find eigenvalues of A

0.05 097 — X\
= M -192X+092=(\-1)(A-0.92)=0

Therefore eigenvalues are A\; = 1, A\» = 0.92.
» Find eigenvectors

det(A_Al) — det(o.gs—A 0.03 >

(A—x v = 0, vlz[ﬂ, (A=X2l)v2 =0, "2:{_11]

» Find coordinates for xg in {v1, v2} basis:

1 -1 1 5
Xp = C1V1i+CVy, — . = [ Vi V2 } X0 = —= .
19/30



EX: Analyze the long-term behavior of the MARKOV PROCESS

Xk+1:AXk, kIO,l,Q,---,.

SOLUTION: Eigenvalues are Ay = 1, Ao = 0.92.

AV;[Z)\]_Vl7 AVQZ/\QVQ, V] = [3:|

NN
Xp =C1V1 + GV, — o = — .
2
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EX: Analyze the long-term behavior of the MARKOV PROCESS

Xk+1:AXk, kIO,l,Q,---,.

SOLUTION: Eigenvalues are Ay = 1, Ao = 0.92.
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NN
Xp =C1V1 + GV, — o = — .
2

X1 = Axg=ctAvi+ o Avy =ciAivi+ oAV,
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EX: Analyze the long-term behavior of the MARKOV PROCESS

Xk+1:Axk7 kIO,l,Q,---,.

SOLUTION: Eigenvalues are Ay = 1, Ao = 0.92.

AV;[Z)\]_Vl7 AVQZ/\QVQ, V] = [3:|

NN
Xp =C1V1 + GV, — o = — .
2

X1 = Axg=ctAvi+ o Avy =ciAivi+ oAV,

Xo = Axi=cMAvVi+oMAWL = )\%Vl—l—Cg)\%Vg,
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EX: Analyze the long-term behavior of the MARKOV PROCESS

Xk+1:Axk7 kIO,l,Q,---,.

SOLUTION: Eigenvalues are Ay = 1, Ao = 0.92.

AV;[Z)\]_Vl7 AVQZ/\QVQ, V] = [3:|

NN
Xp =C1V1 + GV, — o = — .
2

X1 = Axg=ctAvi+ o Avy =ciAivi+ oAV,
X = AX1:Cl)\lAvl—i-Cz)\gAVz:Cl)\%vl—I—Cg)\%Vg,
_ _ k k
Xk = AXxp_1=cr A\ vi+ Ao
11 3 def
As k — oo, )\’1‘ =1, )\’2‘ —0,and x, —> c1vi = 3 { 5 } = Xstationary

20/30



5.3 Diagonalization

30
0 5

> h_[30] [30]_[3 o0
b _DD_[05]{05}_[0 52 |

30 32 0 3.0
b* = Db-D [0 5][0 52] {0 53]’

kK _ pmopket_[3 0] [3t o J_[3 0
bt = DD _[05 0 517 '

EX: Matrix powers of a diagonal matrix. Let D = [ ] . Then

21/30



5.3 Diagonalization

EX: Find matrix powers of A = { _74 i ] ,given A=PDP1,
. 1 1 50
WIthP—|:1 2},andD—[0 3].
SOLUTION:
A2 = (PDPY.(PDPY)=PD?P,
A3 — (PDP—]-) . (PD2 P—l) :PD3 I;)—l7

A< = (PDP7Y). (PD*1P1) = pDkP

B 1 1 5 0 2 1
- -1 =2 0 3k -1 -1
2.5k -3k pk_3k

2.3k_2.5k 2.3k _5k



Diagonalization

DEFINITION: Let A € R™". Ais diagonalizable <—
A = P D P~ for an invertible matrix P and diagonal matrix D.

Thm: A is diagonalizable <= A has n linearly independent
eigenvectors.
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Thm: A € R" is similar to a diagonal matrix D if and only if A has n
linearly independent eigenvectors.
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Thm: A € R" is similar to a diagonal matrix D if and only if A has n
linearly independent eigenvectors.
Proof:
A has n L.1.D. eigenvectors
— AVJ':)\J'VJ', j=212---.n wy,vo,--- v, LILD.
= A (V17V27"' 7Vn) = ()\1"17)\2\’27"' 7)‘nvn)>
Vi, Vvi,vo,--- v, LILD.. (¢)
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Thm: A € R" is similar to a diagonal matrix D if and only if A has n
linearly independent eigenvectors.
Proof:
A has n L.1.D. eigenvectors
— AVJ':)\J'VJ'7 j=212---.n wy,vo,--- v, LILD.
= A (V17V27"' 7Vn) = ()\1"17)\2\’27"' 7)‘nvn)>
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Thm: A € R" is similar to a diagonal matrix D if and only if A has n
linearly independent eigenvectors.

Proof:
A has n L.1.D. eigenvectors
= Avi=\v;, j=1,2,---,n vi,vp,-- v, LLD.
= A(vi,vo, - ,vp) = (A1vi, AoV, -, Apvp),

Vi, Vvi,vo,--- v, LILD.. (¢)

Let P = (vi,v2, -+ ,v,), D =diag (A1, A2, -, Ap). Since
(A1vi, Aava, -, Apvp) = PD. By (),
A has n L.I1.D. eigenvectors
< AP =PD P isinvertible
&= A=PDP!
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Thm: A € R" is similar to a diagonal matrix D if and only if A has n
linearly independent eigenvectors.
Proof:
A has n L.1.D. eigenvectors
— AVJ':)\J'VJ'7 j=212---.n wy,vo,--- v, LILD.
= A (V17V27"' 7Vn) = ()\1"17)\2\’27"' 7)‘nvn)>
Vi, Vvi,vo,--- v, LILD.. (¢)

Let P = (vi,v2, -+ ,v,), D =diag (A1, A2, -, Ap). Since
(A1vi, Aava, -, Apvp) = PD. By (),
A has n L.I1.D. eigenvectors
< AP =PD P isinvertible
&= A=PDP!

Cor: A € R” with n distinct eigenvalues is similar to diagonal

matrix.
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1 3 3
EX: Diagonalize the matrix A= | =3 -5 -3

3 3 1

SOLUTION:
» FIND E-VALUES:

1-x 3 3
det(A—A)=det| -3 -5-) -3

3 3 1-A

O O 0 O3 3
= (1-XNdet| O -5-X -3 |—(=3)det| O O O
O 3  1-2 O 3 1-2A

O 3 3
+(3)det| O —5-A -3
O O O

= (1= (2427

Eigenvalues are A\; = 1, \p = A3 = —2.
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1 3 3
EX: Diagonalize the matrix A= | =3 -5 -3
3 3 1

SOLUTION: Eigenvalues are \; = 1, \» = A3 = —2.
» FIND E-VECTORS:

1
(A—)\ll)v1:0, — Vll].],

1
3 3 37 1 1

(A-=Xv=0] -3 -3 -3 |v=0,=v=1w| 1 |+u| 0 |,
3 3 3 0 1
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1 3 3

EX: Diagonalize the matrix A= | =3 -5 -3
3 3 1
SOLUTION:
» Eigenvalues are A\; = 1, Ao = A3 = —2 with eigenvectors
1 -1 -1
V] = -1 , Vo = 1 , V3 = 0 .
1 0 1
1 -1 —17 A1 0 O
Define: P:[vl Vo V3]: -1 1 0 , D= 0 X O
1 0 1 ] 0 0 A3
1 1 1 1 0 ©
Then P1=| 1 2 1|, D= -2 0
-1 -1 0 | 0 0 =2
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1 3 3

EX: Diagonalize the matrix A= | =3 -5 -3
3 3 1
SOLUTION:
» Eigenvalues are A\; = 1, Ao = A3 = —2 with eigenvectors

1 -1 -1
Vi = -1 , Vo = 1 , V3 = 0 .
1 0 1
1 -1 -1 A 0 0
Define: P:[vl ) V3]|:1 1 O],D{O Ao 0].
1 0 1 0 0 A3

AP:A[Vl Vo V3]:[AV1 AV2 AV3]:[>\1V1 )\2V2 )\3V3]

:[vl Vo V3]|:

oo X

0 0
M 0 |=PD, = A=PDP L
0 X3
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2 4 3
EX: Diagonalize A= | —4 —6 —3 |, IF POSSIBLE
3 3 1

SOLUTION:
» FIND E-VALUES:

2-\ 4 3
det(A—A)=det| -4 —6-) -3

O O 0 O 4 3
= 2-XNdet| O —6-X -3 |—(-4)det| O O O
O 3  1-2 O 3 1-2A

O 4 3
+(3)det | O -6—X -3
O O O
= (1= (2427
Eigenvalues are A\; = 1, Ay = A3 = —2.
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2 4 3
EX: Diagonalize A= | —4 —6 —3 |, IF POSSIBLE
3 3 1

SOLUTION: Eigenvalues are \; = 1, \» = A3 = —2.
» FIND E-VECTORS:

1
(A—/\ll)v1:0, > V] = -1 s
1
4 4 3 1
(A=X2l)v=0, —4 -4 -3 |v=0 = v=wn| 1 |,
3 3 3 0
-1
— Vy = 1 ,V3:7
0

’# of L.I.D. eigenvectors < matrix dimension <=- NO DIAGONALIZATION
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