Thm (REVIEW): A matrix A € R” is symmetric

— A=QDQRT=Q \ Q7. with orthogonal Q.



Thm: Let matrix A € R™" be symmetric, then

def . .
M = max| |1 xT Ax is the largest eigenvalue of A,

def . . .
m = min— xT Ax s the least eigenvalue of A.

Proof: Write A= QD QT, with orthogonal matrix Q € R"*" and
diagonal matrix D = diag (A1, -+, \p) with eigenvalues.
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Thm: Let matrix A € R™" be symmetric, then

def . .
M = max| |1 xT Ax is the largest eigenvalue of A,

def . . .
m = min— xT Ax s the least eigenvalue of A.

Proof: Write A= QD QT, with orthogonal matrix Q € R"*" and
diagonal matrix D = diag (A1, -+, \p) with eigenvalues.

» Define change of variable y = Q7 x. Then ||y|| = ||x|| for all x,

and M =max)y 1y’ Dy, m=minj_y’ Dy.
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Proof: Write A= QD QT, D = diag(\1,---,\,) with eigenvalues,
1

and M = maxy| =1 y' Dy, m= min -1 y' Dy, for y=
Yn

.

% y
y Dy = : diag(\,- -, An) | 1 | = My2 A2
Yn Yn

Let Amax = max {1, -5 An} = Arps Apin = Min {1, -5 Ap} = Ay, then
Amin OF - +¥2) S Ayf++xnys < dmax (F +--+va)
or, /\min HYHZ < yT Dy < Amax HYH2

Soforall |y =1, Apin<m<y' Dy <M < Amax.



Proof: For D = diag (\1,- -+, \,) with eigenvalues,

)41
M = maX”szl yT Dy, m = minHy”::l yT Dy, for Yy =

Vi
y' Dy = Myi+-+AyR

Let Amax = max {1, -5 An} = Ay, A =min{Ag, -, A\p} = Ay, then

min
forall [yl =1, Apin <m< yT Dy < M < Amax.

> Let e; be the jth column of the identity.
» Choose y = e/, then M >y’ Dy = A\max.
» Choose y = ey,, then m<y" Dy = Amin-

» Therefore M = Amax, m = Apin-



Thm: Let matrix A € R™" be symmetric, then

Mm% Max || —1 xT Ax s the largest eigenvalue of A,

def . . .
m = min - x” Ax s the least eigenvalue of A.

3 21
EXAMPLE: Matrix A= [ 2 3 1 | € R332 is symmetric with
11 4
eigenvalues A\; = 6, A\ = 3, A3 = 1 and unit eigenvectors
SR U (-0 N U A DRSO B e
1 \/§ ; U2 \/6 N ; U3 \/E
1 2 0
Therefore

M:uZ—Au1:6, m:u3TAU3:1.



Thm (REVIEW WITH PROOF): A matrix A € R” is symmetric

«— A=QDQ"=Q \ QT with orthogonal Q.
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Thm (REVIEW WITH PROOF): A matrix A € R” is symmetric

«— A=QDQ"=Q \ QT with orthogonal Q.

Proof: Define A = maxy =1 xT Ax. Then X is an eigenvalue,
Au = A\u, with UNIT eigenvector u.

» Extend u into an orthonormal basis for R":
u,up, - ,u, are unit and mutually orthogonal vectors,

def def -~ :
> UZ (uug,-,u,) S (U, U> € R™" is orthogonal.

UTAU = < 3 UT(E:\ U) ) , ut (A U) is symmetric.

» Repeat same procedure on urT (A U)

6

32



Let matrix A € R” be symmetric.

Thm :

Then, M

Let A1 be largest eigenvalue of A with unit eigenvector uj.

def

MaX|y|=1, xT u=0 x" Ax is SECOND largest eigenvalue of A.



Let matrix A € R” be symmetric.
Thm : Let A\; be largest eigenvalue of A with unit eigenvector uj.

i def . .
Then, M E MaX|y|=1, xT u=0 x" Ax is SECOND largest eigenvalue of A.

Proof: Extend uj into an orthonormal basis uy,uy,--- ,u,,

def def

, U= (ug,ug,--- u,) = (ul, U) € R™" is orthogonal.

T )\1 OT ’\T 3\ - .
U"AU = 0o U7 (A U) , U (A U) is symmetric.
» But up,-- - ,u, is orthonormal basis for (Span {u;})*.

Thus, |x|=1, x"u; =0 <= x= Uy, lyll = 1.

~

= M =maxy|=1 y! (UTA U) y = largest eigenvalue of UT A U,

and therefore SECOND largest eigenvalue of A.



Let matrix A € R™" be symmetric.

Thm : Let A\1,---, Ax_1 be largest k — 1 eigenvalues of A with unit
eigenvectors uy, - -+ ,Ux_1. Ihen,

5 def . .

M= MaX| x| =1, x7 u;=0,- xT ux_1=0 xT Ax s kth largest eigenvalue of A.



Let matrix A € R™" be symmetric.
Thm : Let A\1,---, Ax_1 be largest k — 1 eigenvalues of A with unit
eigenvectors uy, - -+ ,Ux_1. Ihen,

> def

M= max, =1, x™ u;=0,-

oo xTup_1=0 xT Ax s kth largest eigenvalue of A.

Proof: Extend uq,--- ,u,_1 into an orthonormal basis uy,uy,--- ,u,,

def def
» UZE (ug,- o up g up, o ,u,) E <U1,U2) € R™" orthogonal.

T D1 OT . def .
UTAU = ~r (.~ |, with D; < diag (A, A1)

0o Of (A Ug)
> Uk, ,up, is orthonormal basis for (Span{uy,- - ,uk,l})L
Thus, x| =1, x"u; =0, ,x"u_1=0 < x= Ugy, llyl| = 1.

~

— M =maxy=; y’ (UJA 02) y = largest eigenvalue of UzTA (72,

and therefore ktf largest eigenvalue of A.



Example: Public repair works planning (1)

public roads/bridges: x (hundred miles)
public recreation areas: y (hundred acres)

cost: 4x?49y?

Available Resources: 36
Utility (effectiveness): xy

SOLUTION: Choose x and y to maximize the utility

Max, >0, 4x24+9y2<36 X Y

Parks and
recreation

2

Y

4t 9y? =36

Feasible
set

| X
3
Road and bridge repair



Example: Public repair works planning (I1)
SOLUTION: Choose x and y to maximize the utility

max, >0, 4x2+49y2<36 XY

. 2x 0 3
_ 1 _
Define x = 6 ( 3y > and A = < 30 > Problem becomes

T _ T
max <1 X' AX = max|, =1 X" AXx.

)

Maximum is largest eigenvalue, 3, of matrix A:

(30)(%)=(3
)

Sl
S

optimal solution

SISl

N
< X
~—
I
A/
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Example: Maximum length of linear transform

4 11 14
8 7 =2

Let A= ( ) Solve problem

max| =1 [|Ax|.

Multiplication
byA

FIGURE 1 A transformation from R? to R?.

11/32



4 11 14

LetA:<8 7 o

). Solve problem

max =1 [Ax].

SOLUTION: Re-write problem as

maxHxH:l HAXH = \/maxuxnzl HAXH2 = \/max”x”:l XT (ATA) X.

—> Maximum is largest eigenvalue of matrix AT A:

T 80 100 40
ATA:<g 171 1‘;) (g 171 i‘; > = | 100 170 140
40 140 200

The eigenvalues of matrix AT A are A\; = 360, A\» = 90, \3 = 0,

1
1
with unit eigenvector v; = 3 2 |, AT Avi = A\ vy, |Av1| = v360.
2

optimal solution x = v; and optimal value ||Avy| = v/360.



80 100 40
ATA= | 100 170 140 |, with eigenvalues A; = 360, > = 90, A3 = 0.
40 140 200
1 L 1 -2
Vi = — 2 , Vo = — -1 s ATAvlz)\lvl, ATAVQZ)\QVQ.
3
2 2
1/4 11 14 L 1 3
AV]_ = 3(8 7 _2> g :\/360U1, UI:\/E<1>’

-2
1/4 11 14 1 1
AV2 = 3< 8 7 2 > ( —21 ) == \/90“2, U2_\/ﬁ( 3 >

ui, up orthonormal.
Av,
A S e .
@vz/

13 /32



§7.4 Singular Value Decomposition

Let A€ R™*". The SVD of A is

A=USVT =uU \\\ v,

where U € R™*™ and V € R™" are orthogonal matrices,
uru=1, V"V=1I, and

01

S= B € R™*" is diagonal with non-negative entries.
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Rank and linear independence

» Def: The RANK of A € R™*", denoted Rank(A), is the
number of linearly independent COLUMNS in A.

» Thm: Rank(A) = Rank(AT A)

» Eigenvalues of AT A are real and non-negative.

Proof: For any v in R":

Av = 0, — AT Av=0,
ATAv = 0, — JJAv|2=vTATAv=0, — Av=0.

therefore Av=0<= AT Av=0, — Nul A=Nul AT A

Rank(4) = n—dim(Nul A)=n—dim (Nul ATA) — Rank(AT A).
Let A be eigenvalue of AT A and u € R” unit eigenvector:
ATAu=)u, — A=u’ (\u)= (AT ) |Aul? > 0.

15/32



Constructing the SVD for A € R™" with m > n.
» Let ATA=V D VT be eigendecomposition, with
D =diag (A1, A2, - ,Ap) with Ay >X>--- >\, >0
be eigenvalues and V = (vi,--- ,v,) € R™" be orthogonal.
So ATAVJ' =Ajv; for j=1,--- n
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Constructing the SVD for A € R™" with m > n.
» Let ATA=V D VT be eigendecomposition, with
D =diag (A1, A2, - ,Ap) with Ay >X>--- >\, >0
be eigenvalues and V = (vi,--- ,v,) € R™" be orthogonal.
So ATAVJ' =Ajv; for j=1,--- n

> Define gj = \/)j for j=1,--- ,n. Let k be such that o > 0
and Ok+1 =0.
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Constructing the SVD for A € R™" with m > n.
» Let ATA=V D VT be eigendecomposition, with
D =diag (A1, A2, - ,Ap) with Ay > X >---> X, >0
be eigenvalues and V = (vi,--- ,v,) € R™" be orthogonal.
So ATAVJ':)\J'VJ' for j=1,---,n
> Define gj = \/)j for j=1,--- ,n. Let k be such that o > 0
and ox+1 =0.

> Forj=1,--+  k define u; = > Av;.

A
> uj is unit vector: uJTuJ— 2v (ATAv) Io_—é:l,
i
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Constructing the SVD for A € R™" with m > n.
» Let ATA=V D VT be eigendecomposition, with
D =diag (A1, A2, - ,Ap) with Ay > X >---> X, >0
be eigenvalues and V = (vi,--- ,v,) € R™" be orthogonal.
So ATAVJ':)\J'VJ' for j=1,---,n
> Define gj = \/)j for j=1,--- ,n. Let k be such that o > 0

and O'k+1:0.
> Forj=1,--+  k define u; = > Av;.

A
> uj is unit vector: uJTuJ— 2v (ATAV)IO_—é:]_,
i

(u1,--- ,uk) column orthogonal: u/ u; = U—UJVIT (ATAVJ') =0, i#].
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Constructing the SVD for A € R™" with m > n.
» Let ATA=V D VT be eigendecomposition, with
D =diag (A1, A2, - ,Ap) with Ay >X>--- >\, >0
be eigenvalues and V = (vi,--- ,v,) € R™" be orthogonal.
So ATAVJ':)\jVj for j=1,---,n

> Define gj = \/)j for j=1,--- ,n. Let k be such that o > 0
and O'k+1:0.
> Forj=1,--+  k define u; = > Av;.

A.
> u; is unit vector: uJTuJ = 2v (ATAV) = U—JJQ =1.
(u1,--- ,uk) column orthogonal: u/ u; = %UJVIT (ATAVJ') =0, i#].
» Choose U = (uy, - ,ux, ki1, - Uy) € R™™ orthogonal.
o1
Then AV =US with § = e R™",
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Constructing the SVD for A € R™" with m > n.
» Let ATA=V D VT be eigendecomposition, with
D =diag (A1, A2, - ,Ap) with Ay >X>--- >\, >0
be eigenvalues and V = (vi,--- ,v,) € R™" be orthogonal.
So ATAVJ':)\jVj for j=1,---,n

> Define gj = \/)j for j=1,--- ,n. Let k be such that o > 0
and O'k+1:0.
> Forj=1,--+  k define u; = > Av;.

> u; is unit vector: uJTuJ = 2v (ATAV) = % =1.
J
(u1,--- ,uk) column orthogonal: u/ u; = ﬁv,T (ATAVJ') =0, i#].
i0j
» Choose U = (uy, - ,ux, ki1, - Uy) € R™™ orthogonal.
o1
Then AV = US with S = ER™". SoA=USV'.
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4 11 14
8 7 =2

1 1 1 -2 1 2
unit eigenvectors vy = 3 , Vp = 3 -1 |, vz3= 3 -2 1.
2 2 1

Avi = V/360u;, Avo=1v90u,, ,Avs=0.

) 1 (3 1 (1
whnere U]_—\/T>O 1 y U2—\/T>O 3 .

Putting together

EX: A= ( > Eigenvalues of ATA: A1 = 360, \» = 90, A3 =0,

N

A(Vl,V2, V3) == (\/@ul,\/ﬁu% 0):(u1, UQ)(\/:;GﬁO \/(2)»0 8)

v360 0 O

Therefore A = (ug, up) < 0 V30 0 > (v1, va, v3) "



Thm. 9: Let A= US VT with

U= (ui, - ,um), V =(vi,---,vp)orthogonal,
o1
S= with o1 > -+ >0 > 04p1=---=0,=0.

On

0 0

Then Rank (A) = k.
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Thm. 9: Let A= US VT with

U= (ui, - ,um), V =(vi,---,vp)orthogonal,

S= with o1 > -+ >0 > 04p1=---=0,=0.

0 0

Then Rank (A) = k.
PROOF: By definition, Rank (A) = dim (Col A), with

Col A={Ax |xeR"}.

> vy, ,V, are orthonormal basis for R". Thus
Col A={A(civi+---+caVn) |C1, -+, cnER}.
» Now A (civi+ -+ cpvp) =01€1Up + - + 0k Ck Ug. Thus,
Col A={o1cius + -+ oxckux | c1, -+, ck € R} =Span{uy, -+, ux}

Rank (A) = dim (Span {uy, --- , ux}) = k. [

18 /32



The Invertible Matrix Theorem

Let A= US VT be the SVD of A € R"™" with

01
5= ,01>--->0,>0. Then

On

Rank (A) = n < o, > 0.

19/32



Solving Least Squares Problem with SVD (1)

Let the SVD of A= US VT € R™"  with m > n, where

U= (ug,uy, - ,up) € R™Mand V = (vi,vp, - ,v,) € R™"
o1
be orthogonal; and S = € R™*7 be diagonal
On
0 --- 0

with o1 > 00 --- > 0, > 0.
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Solving Least Squares Problem with SVD (1)

Let the SVD of A= US VT € R™"  with m > n, where

U= (ug,uy, - ,up) € R™Mand V = (vi,vp, - ,v,) € R™"
o1
be orthogonal; and S = € R™*7 be diagonal
On
0 --- 0

with o1 > 09--- >0, > 0.
The Least Squares Problem (LS) is

Minycgn |[Ax — b||, for a given b € R™

and the LS solution satisfies AT Ax = AT b.

20 /32



A

7Um)
us,
USVT = (uy,

a1

;
(vi,v2, - ,Vp)



9n

0 0

A = USVT(U17U27"'7um)< )(V17V27"’7Vn)7—-

ATAx = ATb = vsTs (vTx) —vsT <UTb> = STs (vTx> —sT (UTb) :

. . 2 T . T P
which is o3 (v x)j—aj (U b)j, for j=1,---,n (¢
t { ijl, if oj >0,

Define o) = .
J 0, otherwise.

Equation (¢) solves to <VTX). = aj (UT b) , for j=1,--- n.
J J

O'I 0
Therefore V7T x = (UTb) &t gt (UTb> ,

and



A = USVT = (ug,u, - ,up) (Ul i ) (vl,V2,~-,v,,)T.
0 ... o

ATAx = ATb = vsTs (vT ) - v5T<UTb> o sTs (vTx> - sT(UTb),

which is o7 (vT )J:aj (UTb)j, for j=1,---,n (0)

b ijl, if 0; >0,
10 otherwise.

Equation (¢) solves to <VTX). = aj (UT b),, for j=1,---,n
J J

O'I 0
Therefore V7 x =

J 795 )

and x = (vsT UT) b.

J;r,O



01

A = USVT:(ul,uQ,--~,um) (V17V2a"'7vn)

Least Squares Solution

with St =

DEFINITION: AT = V ST UT = is PSEUDO-INVERSE of A.

N
N

S



§7_5 App|ication5 Table: EXAMPLE Class Grades

Student Midterm #1  Midterm #2 Final Homework Quizzes
Alice 50 83 97 64 77
Ben 47 87 60 0 0
Cindy 91 95 95 90 99
Eric 85 100 88 87 91
Fiona 89 99 86 76 65
Gloria 70 76 67 78 77
Henry 100 80 90 91 83
50 47 91 85 89 70 100
83 87 95 100 99 76 80
matrix of observations X = 97 60 95 83 86 67 90
64 0 90 87 76 78 91
77 0 99 91 65 77 83
) 1)
X1 X2 X7

» 5 variables: Midterm #1, Midterm #2, Final, Homework, Quizzes,

» 7 samples: 7 students.



ExAMPLE Class Grades 50 47 91 85 89 70 100
83 87 95 100 99 76 80
| matrix of observations| X = | 97 60 95 88 86 67 90
64 0 90 87 76 78 91
77 0 99 91 65 77 83

T i

X1 X e X7

532

) | 620

’samplemean‘ m = Z(xg+xp+---+x7)==] 583
7 7

486

| mean-deviation form|B %f (xg —m,--- ,x7 —m) 492

—182 —203 105 63 91 —42 168
| 30 -1 45 80 73 88 60
— 2| 9 —163 8 33 19 —114 47
"1 _38 _486 144 123 46 60 151
A7 —492 201 145 —37 47 89



ExAMPLE Class Grades

’matrix of observations‘ X =

’sample mean‘ m =

’ mean-deviation form ‘ B

’sample covariance matrix‘ S

50
83
97
64
77

47 91 85

87 95 100

60 95 88
0 90 &7
0 99 91

X2

(1 —m,

BB'.

89
99
86
76

70
76
67
78
77

100
80
90
91
83

X7
532
620
583
486
492

7X7_m)7



1

’samplemean‘ m = N(xl—l—x2—|—-~-+x,\,).
| mean-deviation form| B = (xg —m, -+ ,xy —m),
1
’sample covariance matrix‘ s % ﬁB B'.

S, . — covariance of x; and x;, ifi £ J,
™ variance of x;j, if i = J.

variables x; and x; are uncorrelated if S; ; = 0.

26
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Principal Component Analysis

X1
. . X2 .
In the setting of p variables x = ) , determine a
Xp
change of variables
n
Y2
x=Py=(ug, up, -, up) | .
Yp
so that the new variables y1,y»,- -, yp are uncorrelated

and in order of decreasing variance.
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ExAMPLE Class Grades

1
’samplemean‘ m = —(xg+x2+--+x7).
’mean-deviation form‘ B % (xy —=m,--- ,x7 —m) = UXV',
’change of variables‘ x & Uy,
1
’new covariance matrix‘ Snew = EUT BB'U=x%"
2432 0 0 0 O 2432 0 0 0O
0 225 0 0 0 0 225 0 00
= 0 0 120 0 O ~ 0 0 120 0 O
0 0 0 44 0 0 0 0 0O
0 0 0 0 9 0 0 0 0O
n
def 2
Approximate change of variables| x =~ U | y3
0
0

Y1, ¥2, y3 leading principal components.



Eckart-Young Theorem: For A € R™" with m > n

Let the SVD of A= US VT, where U= (ug,up,--- ,up) € R™™M,

V = (vi,v2, -+ ,v,) € R™" orthogonal; and
01

S = € R™*" diagonal with o1 > op--- > 0, > 0.

On

0O --- 0
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Eckart-Young Theorem: For A € R™" with m > n

Let the SVD of A= US VT, where U= (ug,up,--- ,up) € R™™M,

V= v1,v2, ,Vp) € R™" orthogonal; and
S = € R™*" diagonal with o1 > op--- > 0, > 0.
On
0
For any < n, the rank-k TRUNCATED SVD of A is
o1
def . T
A = (ug,uz, - ug) - (Vi,v2, -, vg) .

Ok
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Eckart-Young Theorem: For A € R™" with m > n

Let the SVD of A= US VT, where U= (ug,up,--- ,up) € R™™M,

V = (vi,v2, -+ ,v,) € R™" orthogonal; and
01
S = € R™*" diagonal with o1 > op--- > 0, > 0.
On
0O .- 0
For any 1 < k < n, the rank-k TRUNCATED SVD of A is
o1
def . T
A = (ug,uz,--- ,uy) . (vi,v2,---,vk) . Then

Ok

minBeR"'X", Rank(B)<k A~ BHF =[|A— Ak||F = \/U/%Jrl +- o,

where || X||p <

X121+"'+X12,,+"'+X,%,1+"'+Xﬁm-
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» SVD

n w 14
: : s ’
E = 9 . e . E
g g £ R
7 columns
neomns  mcolumns  #columns

» TRUNCATED SVD

7 TOWS

ncolumns

m I‘Ows

A=A

1

k columns

§ !

ﬂ 7 columns

k columns

k rows
k rows

al
]

QR
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Compressing Lena with TRUNCATED SVD

original, k = 512 Compressed Image, k = 256 Compressed Image, k = 128

100 200 300 400 500 100 200 300 400 500 100 200 300 4400 500

Compressed Image, k = 84 Gompressed Image, k = 32 Gompressed Image, k = 16

500
100 200 300 400 500 100 200 300 400 500 100 200 300 400 500
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1 1 1
13 1 1
1 1 1 1
2 3 n n+l
Hilbert Matrix H = S : : =HT
1 1 1 1
n—1 n 2n—-3 2n-2
1 1 _1 1
n n+1 2n-2 2n—1
» Eigendecomposition H = US UT is SVD of H, where
U= (ui,uy, - ,u,) € R™" is orthogonal;
o1
S= e R™" diagonal, 01 > 0+ > 0, > 0.

On

32
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1 1 1
13 1 1
1 1 1 1
2 3 n n+l
Hilbert Matrix H = S : : =HT
1 1 1 1
n—1 n 2n—-3 2n-2
1 1 _1 1
n n+1 2n—2 2n—1
» Eigendecomposition H = US UT is SVD of H, where
U= (ui,uy, - ,u,) € R™" is orthogonal;
o1
S= e R™" diagonal, 01 > 0+ > 0, > 0.

On

lues of 100 % 100 Hilbert Matrix H
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