
Prof. Ming Gu, 861 Evans, tel: 2-3145
Email: mgu@math.berkeley.edu

Math54 Sample Final Exam, Spring 2019

This is a closed everything exam, except a standard one-page cheat sheet (on one-
side only). You need to justify every one of your answers. Completely correct answers
given without justification will receive little credit. Problems are not necessarily ordered
according to di�culties. You need not simplify your answers unless you are specifically
asked to do so.

Problem Maximum Score Your Score

1 16

2 16

3 16

4 16

5 18

6 18

Total 100
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1. Let

A =

0

B@
1 5 �2 0
�3 1 9 �5
4 �8 �1 7

1

CA and b =

0

B@
�7
9
0

1

CA .

Find all the solutions to the equation

Ax = b.

¥ : : i :&
.

to :÷÷i÷iH¥÷÷ii¥H÷¥ii
Let 's first find a particular Solh

. 7lb - keel
. Just try Xu =3 and

Xfl
.

Then
.

- 4kt Btk =4 ⇒ KEO
.
Now

,
X , t k - Bt Xu =-3

gives you XE -5
.

Now
,

we can find homogeneous case sokn : [to ! ! §)
.

To avoid fractions
,
let Xy=7 - X for some XELR

.
Then

,

7×3-14=0 gives XEX and then E- 2X
.

XF - SX .

Hence
,
all solutions are of the form :

lit x

-
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2. Let V be the vector space C[�1, 1], define the inner product

hf, gi =
Z 1

�1
f(x) g(x)dx,

for any f, g 2 C[�1, 1]. Find an orthogonal basis for the subspace spanned by the polyno-
mials 1, x and x2.

To find an orthogonal basis
,

we need to apply Gam - Schmidt

Orthogonal
-Ratan Process : Vi =L

,
VE K

,
V 3=22 .

Xi OF taxis> €24
, and G. a) =L

'

i - nd "
* i. = Va -

' * ' = K -

Cl . D
= O

.

= x - -02 . I 51 , 1) = fit - Ida -2
.

= K
.

Ks : - Us - * - * a ,x7=S ! i - side }
.

( x. xD =L
'

,

a - Ida -0

= re - Eiji - Eiji K e : odd function)

= E- ¥ . I - I. a
G. KKI

,

" - Rdx =3
.

= 7K 43
.

So
, by Gam - Schmidt

,
an orthogonal basis further subspace spanned

by the polynomials 1.14 and K Ts f l ,
K

,
# 431

.

-
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3. Let

A =

0

B@
1 1 2
1 1 2
2 2 4

1

CA .

(a) Find the eigenvalues and corresponding eigenvectors of A.

(b) Diagonalize A.

The characteristic polynomial is def AHI ) - deff ¥)
@siyistobnmHq.nqdxq.y_z.z ) - ( ( 4-H - 2. 2) t2( 2- 24 - N)

= G - d) ( # t 4-4 ) - C - d) t2G . d)

= ( l - A) ( if -54) -151 = - d3tdt5dZ5dt5d= - d 't
642=446

- d)
.

Eigenvalues are oand_6 .

Corresponding eigenvectors are an NRA and Nol CA - 62)

NulApart .

Row reduction is [8%2] So
,

we have xitxezxso

and x. Xs can be free ⇒ [¥ = at B
.

So
,

we have I [ I ]
,

/ as a basis of Nul A
.

-

Nutted . A-62 - [ III ] . Doty now reduction
,

one sets ftp.t
.

So
,
Xs is free and XEIXS

,

XF IX s
⇒µ )( is a basis

.

Diagonal
- ration of A is

-

A. Ppp
- i where F- ( II and DIII :o)

.

-
PLEASE READ THE NEXT PAGE .
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3. Let

A =

0

B@
1 1 2
1 1 2
2 2 4

1

CA .

(a) Find the eigenvalues and corresponding eigenvectors of A.

(b) Diagonalize A.

In fact
,

as A is symmetric ,
one can orthogonally diagonalize A .

Then
,

one can actually avoid the issue of Funday Pt .

To do this
,

we only need to apply 0ham - Schmidt to the eigenvectors

corresponding to Ho
. Recall , we have [To ]

.

(F)
.

Gram - Schmidt does not change the Fast one and second vector

is modifies as [To ] - . E. D= - I IIE I
.

Hence
,

we have an orthonormal basis consisting of eigenvectors .
.

I
.

NEED
.

( orthogonal ) DiagonalTotem of A es

E :÷x÷÷÷÷÷i
.-

P D PEP -7
.

WARNING
.

There es no easy way to find P
' '

tu the previous page degonalitatzu .

One might need to use the row reduction OR minor matrix method
.



Some comments about finding eigenvalues without computations .

First observation : A has " essentially
"

the same row : [ l l 2 ]
and its multiples .

This empties
def A = 0 ( Invertible Matrix Theorem)

.

It means def CA - o - I ) = o
.

So
,

O es au eigenvalue .

Furthermore
,

one can see that rk A - I because the row space

contains
"

essentially
"

one row vector [ l l 2T
. By rank

theorem ,

dim Not A = 2
.

Therefore
,

at least two eigenvalues

ate 0 's
. Finally ,

we have the fact that the sum of diagonal
11

entries is the sum of eigenvalues .

should be 6
.

O t ?

)
So

.
the last e¥TaYI

What is the Fact ? - o -

Think about 2×2 ease :

I detects - nd Eia
" '

ai:c
.

° But
,
the eigenvalues di and ik satisfy

= Cd - A) Cd - AD
|
So

, htf and di dead - be
.

°

the sutm of the sum of diagonal entries
eigenvalues .I

. - -
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4. Let u =

 
1
2

!

. Find v 2 R3 such that

A =

 
1 �3 4
2 �6 8

!

= u · vT .

Let u=[¥!)
.

Then
,

U . D= CK k Xs ]

=[¥ . # Ex
. ] .

So
,
Xi =L ,

XE -3×3=4 and

w=[f)
-
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5. Solve the given initial value problem

y00 + y0 = t+ sin(t), y(0) = 1, y0(0) = 0.

The auxiliary equation Is r4r=O
.

So
,

we have to , re - l
.

We will use the method of undetermined coefficients
.

① y "ty'=t : Note that t es t
'

- eat and o is a root of

the auxiliary equation .

So
, we try yet that -16 ) - e

- t
- at46t

.

y
' # = 2attb

Y'
'G) = 2A

.

So
, y

' 'tj=2att2at6
"

t 0

A =L
.

6=-1
.

② Y
' 't y

'
- sat : Nole that Sint corresponds to Oteri and this is not

a root of the auxiliary equator .

So
,

we try yet csthttdeost
.

y
' # = a cost - dent

Y"CH= - cent - fast

& L
⇐

tfzdlsthttcqidsost
O

⇐ D= - K
.

③ Finally ,
we need homogeneous case solution :

As reo ,
re - I are roots

.
we have eat and e

- t
.

( I
1

.

Combining D
,
② , ③ one gets yet at G. e- tt IEE - Esat - East

.

P !gjy in teo
,

we have 1=9 ta - I
.

" after calculating y
'

# =
- ca - e

- ttt - I - East tzstwt .

we have o = - Cz - l - I .

So
, C ,

=3
,

G- - Zz
.

Answer : yttf-3-ze-ttIE-t-zsint-ztao.CI
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6. (a) Find the values of the positive parameter � for which the given problem below has a
nontrivial solution.

y00 + �y = 0 for 0 < x < ⇡; y(0) = 0, y0(⇡) = 0.

(b) Compute the Fourier Cosine series of the function f(x) = x on the interval [0, ⇡].
-

O

(a) The auxiliary equation es Mt Xo and we have d > o Gy assumption .

So
,
the roots are r= tf i .

So
,
the solution Is of the form

YAK C , as Flt TG Sturt
.

Plugging an f- o ,
we hare 0=9 .

So
, y E) = astute

.

Plugging an E- TL after finding f'CEI = TAGGERT
,

we have

o = Tf - Gosei . If CEO
,
then ya )=o

which is the trivial solution !

So
,

Osaka should be zero
.

Now
,
recall cos X=O ←→ A- MT - It for some Thtegern .

=
. TAE n - I for some integer n

.

St
.

It # Gn - D2 for some integer n .

So
, possible d 's are ¥

,
I

.
If . It ,

- - - T
(f) We can use the formula : Qu - ⇒ ok Xoosnxdx then Fourier cosine sales is

For no
,

we have ao=¥fjxdx=¥¥f=x .

Et anos
.

For n > o
, we had

-

⇐ Effy qq.nxdx-E.x.u.FI#/E-EJotI.sTnnn-xdx (Integration by pants)
u . Y

= co - os - E . - ostfx-f-E.EE
"

- ri
.

Note that Cosme C- Dn
,
so we have an = Ie . # CC - Dh - D

.

-

The Fourier cosine series of f =X on Cock ] Ts

f- ¥127 # f- Dh - Dash X = Ez - Fzfosxtfossxtzsossxtyfosxt . .)
-


