The Analytic Theory of Heat, 1822

Fourier Analysis far more important than Theory of Heat
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§10.3 Fourier series

» function f (x) is periodic with period T if f (x) =f(x+ T)
for all x.
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§10.3 Fourier series
» function f (x) is periodic with period T if f (x) =f(x+ T)
for all x.
» function f (x) is even f (—x) = f (x) for all x (Fig. (a)).
2, f(x)dx=2[; f(x)dx.
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§10.3 Fourier series
» function f (x) is periodic with period T if f (x) =f(x+ T)
for all x.
» function f (x) is even f (—x) = f (x) for all x (Fig. (a)).
2, f(x)dx=2[; f(x)dx.
» function f (x) is odd f (—x) = —f (x) for all (Fig. (b)).
[, f(x)dx=0
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§10.3 Fourier series: Examples

» function f (x) = sin (3 x) is periodic with period %7[':

(e 2e) =in (3 (- 25)) =2 = 0.
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§10.3 Fourier series: Examples
» function f (x) = sin (3 x) is periodic with period %7[':

(e 2e) =in (3 (- 25)) =2 = 0.

» function f (x) = V1 + x? is even

)= YT (o = V= (o).
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§10.3 Fourier series: Examples

» function f (x) = sin (3 x) is periodic with period %7[':

(e 2e) =in (3 (- 25)) =2 = 0.

» function f (x) = V1 + x? is even

)= YT (o = V= (o).

» function f (x) = sin (3 x) is odd

f(—x) =sin(3 (—x)) = —sin(3x) = —f (x).
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Inner Product Space: Review
Let V be a vector space. inner product is a function
VXV R: <uv> €c€R forany uveV

that satisfies axioms below for all u,v,w € V and c e R :

1. <u,v>=<v,u>. (Symmetry with respect to u and v)
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Inner Product Space: Review

Let V be a vector space. inner product is a function

VXV R: <uv> €c€R forany uveV

that satisfies axioms below for all u,v,w € V and c e R :

1.
2. <u+w,v>=<uv>+<wv>,

3.

4. <u,u> >0,and <u,u> =0ifand only if u=0.

< u,v >=<v,u > . (Symmetry with respect to u and v)

< cu,v >= ¢ < u,v > . (Linear transformation in u)
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Inner Product Space: Review
Let V be a vector space. inner product is a function
VXV R: <uv> €c€R forany uveV

that satisfies axioms below for all u,v,w € V and c e R :
1. <u,v>=<v,u>. (Symmetry with respect to u and v)
2. <u+w,v>=<uv>+<wv>,

3. <cu,v>=c <u,v>. (Linear transformation in u)

4., <u,u> >0, and <u,u> =0if and only if u=0.

EXAMPLE: For any f(x), g(x) € C[—L, L], then

L
<f,g> dg/ f(x) g(x)dx is an inner product on C[—L, L].

—L
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» length (or norm) of u (denoted ||ul|) e /= u, u>
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» length (or norm) of u (denoted ||ul|) e /= u, u>

» distance between u and v (denoted dist (u, v))

def
= |

u— v
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» length (or norm) of u (denoted ||ul|) e /= u, u>

» distance between u and v (denoted dist (u, v))

» u and v are orthogonal if <u,v> =0

def
= |

u— v
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» length (or norm) of u (denoted ||ul|) e /= u, u>

» distance between u and v (denoted dist (u, v))

» u and v are orthogonal if <u,v> =0

def
= |

u— v
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» u and v are orthogonal if <u,v> =0

EX: For integer n > 0, show that f (x) = 1 and g (x) = cos (27%)
are orthogonal with respect to

L
inner product < f,g > dg/ f(x) g(x) dx.
—L

PROOF:

<f,g> = /LL cos(nTLrX) dx = 0.
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» u and v are orthogonal if <u,v> =0

EX: For integers m, n > 0, show that f (x) = sin (1) and

nmx

g (x) = cos (27*) are orthogonal with respect to

L
inner product < f,g > dg/ f(x) g(x) dx.
—L

f(x)g(x) = sin(mzx> cos(nzx>

_ % (sin ((m —Ln)7rx> -+ dn ((m —I—Ln)7rx)> |

which is sum of two odd functions, thus ffL f(x)g(x)dx =0.

~
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» u and v are orthogonal if <u,v> =0

EX: For integers m, n > 0, show that f (x) = sin (1) and

nmx

g (x) = cos (27*) are orthogonal with respect to

L
inner product < f,g > dg/ f(x) g(x) dx.
—L

f(x)g(x) = sin(mzx> cos(nzx>

_ % (sin ((m —Ln)7rx> -+ dn ((m —I—Ln)7rx)> |

which is sum of two odd functions, thus ffL f(x)g(x)dx =0.

Setting n =0, f (x) = sin (™7*) and g (x) = 1 are orthogonal
for integer m > 0.

~
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> u and v are orthogonal if <u,v> =0

EX: For integers m, n > Q0 with m # n, show that
f (x) = sin (%) and g (x) = sin (27*) are orthogonal

L
with respect to inner product < f,g > dg/ f(x)g(x)dx.
—L

PROOF:

f(x)g(x) = sin(mzx) sin<n7LrX>

_ % <Cos <(m —Ln)7rx>  cos <(m +Ln)7rx>> |
therefore

/_LL ) g(x) dx = ;/_LL cos <(”’_L")”> d

1 L
_2/_L cos (W) dx — 0.




> u and v are orthogonal if <u,v> =0

EX: For integers m, n > Q0 with m # n, show that
f (x) = cos (%) and g (x) = cos (27*) are orthogonal

L
with respect to inner product < f,g > dg/ f(x)g(x)dx.
—L
PROOF:

f(x)gx) = cos(mzx> cos(nzx)

1 cos (m—n)mx + cos (m+ n)mx
2 L L ’
therefore

/_LL ) g(x) dx = ;/_LL cos <(”’_L")”> d
—i—;/_LL cos ((m—i—:)wx) dx = 0.
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Orthogonal functions summary

{1, sin (7X), cos (%), - -+, sin (27%), cos (2F%), -+, }
mutually orthogonal with respect to

L
inner product < f,g > déf/ f(x) g(x) dx.
—L

» {1, sin (%), cos (Z¥), -+, sin (27%), cos (2F%), -+, }
is a set of infinitely many linearly independent functions.

> ’Inner Product Space C[—L, L] is NOT finite—dimensional.‘

10/39



Orthogonal Sinusoids

N/
N

VoA

cos

Onx . Omx
L

L
cos lzx sin lLﬂ
27x . 27x

cos = sin =1
cos 37X sin 37X

L L
Figure 10.5 The sinusoids

-1

-1
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Lengths of orthogonal functions

» length (or norm) of u (denoted ||ul|) %

JSuus
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Lengths of orthogonal functions

» length (or norm) of u (denoted ||ul|) %

V<u, u>
> length of f(x) =1

L
Ifoll = \/m: V2L
—L
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Lengths of orthogonal functions

» length (or norm) of u (denoted ||ul|) =4

V<u, u>
> length of f(x) =1

L
16 = ,// 12 dx = V2 L.
—L

> length of f, (x) % cos (27x) for n >0

| fall = \// cos2 d—ﬂ
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Lengths of orthogonal functions

» length (or norm) of u (denoted ||ul|) e 2 u, u>
> length of f(x) =1

L
16 = ,// 12 dx = V2 L.
—L

> length of f, (x) % cos (27x) for n >0

HfH_\// cos2 d—ﬂ

X)forn>0:

> length of g, (x) < sin (27

llgnll = \//LL sin? (nTLrX) dx = VL.
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Best Approximation (Review)

Let W be a subspace of inner product space V/, with orthogonal
basis {uy,--- ,up}.
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Best Approximation (Review)
Let W be a subspace of inner product space V/, with orthogonal

basis {uy,--- ,up}.
» DEFINITION: For any vector y € V, orthogonal projection
. def ~ < u; > < u, >

< ug, up > < Up, up >
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Best Approximation (Review)
Let W be a subspace of inner product space V/, with orthogonal

basis {uy,--- ,up}.
» DEFINITION: For any vector y € V, orthogonal projection
. def ~ < u; > < u, >
< ug, up > < Up, up >

» Pythagorean Thm:
2 =12 =012 ~
Iyll© = lly=ylI"+Iyll*, lly—vil>ly—yl, forallveW.
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Best Approximation (Review)
Let W be a subspace of inner product space V/, with orthogonal
basis {uy,--- ,up}.

» DEFINITION: For any vector y € V, orthogonal projection
def ~ <y, u; > <Yy, up >

projyy =y=————u; +---+

Up
< ug, up > < Up, up >

» Pythagorean Thm:
2 =12 =012 ~
Iyll© = lly=ylI"+Iyll*, lly—vil>ly—yl, forallveW.

— g -vil
FIGURE 4 The orthogonal projection of y

onto W is the closest pointin W to y.
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Orthogonal projection with < f,g > % ffL f(x) g(x) dx
For f (x) € C[—L, L], its orthogonal projection Sy (x) onto

def . [(TX X . [ Nmx Nmx\)|
WN_Span{l,sm<L),cos(L>,---,sm<L),cos( [ )}

N
Sn(x) = % + Z ap cos (HLLX) + b, sin (nLLX) ,  where
n=1

L
/ f(x) cos(mLTX> dx, 0<n<N
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Orthogonal projection with < f,g > % ffL f(x) g(x) dx
For f (x) € C[—L, L], its orthogonal projection Sy (x) onto

Wi def Span{l, sin (%) , COS (LLX> , -, sin <NL7TX) , COS <N7er) }:
+Zancos( )+b sm( :X), where

/ COS

1 _1

L L

1 x 1

- i — <n<
[ x), L/ sm )dxlnN

)dx 0<n<N

)4, sin (27)

Big Hope f (x) = limpy_,.Sy (x) ~ %—1—22021 an cos (
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EX 1: Compute Fourier Series for f (x) = |x| € C[-1,1]

N
In Sy(x) = % +Za,,cos (mzx) + b, sin (nLLX> ,  where
n=1

1
ao:/ |x| dx =1, andforn>1,
-1

2
w2 n?

1 1
a,,:/1 || cos(n7rx)dx:2/0 xcos (n7mx)dx = ((-1)"-1)

1
b,,—/ |x| sin (n7x)dx = 0.
-1

15 /39



EX 1: Compute Fourier Series for f (x) = |x| € C[-1,1]

N

ag nmx . /hTx

In Sy(x) = > + ,,z_; a, cos (T) + b, sin (T> . where
1
ao:/ |x| dx =1, and for n>1,

-1

1 1 2

a,,:/1 || cos(n7rx)dx:2/0 xcos(nwx)dx:w((—l)"—l)

1
b,,—/ |x| sin (n7x)dx = 0.

! 1 4 1
Therefore |[x|~ = — — ——cos((2n—1) 7mx).
Mg e 2 g ees(@n 1) )

9 terms
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EX 2: Compute Fourier Series for f (x) :{ 0, —m<x<0,

x O0<x<m.

N
In Sy(x) = % + Z a, cos (nLLX) + b, sin (nLLX> ,  where
n=1

30:1 7r’r(X)dX:l/ﬂxdxzﬁ, and for n > 1,
™ J—m ™ Jo 2
é’nzl/7r f(x) COS(”WX)G'XZ1/chos(n7rx)dx:2((_1)"_1)
™ J—m m™Jo 7Tn2
b,,:l/7r f(x) sin(nwx)dx:1/Wxsin(n7rx)dle(_1)n+1
T T Jo n
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EX 2: Compute Fourier Series for f (x) :{ ()’; _07T<<XX<<7T(.)’

In —+Zancos< )+b sm(erX>, where
1 (7 1 (7
ag = — f(x)dx:/ xdx:z, and for n > 1,
) T Jo 2
, —1/ﬂ f (x) cos (n x)dx—l/wxcos(n ) dx = —2 ((-1)" - 1)
n = - T 0 Q T an?
. 1 T . ]- n+1
f(x)sin(nmx)dx =— xsin(nmx)dx == (—1)
m™Jo n
1 (=1
cos((2n—1) x)— sin
s (@n =103 P
. 3 Sfx)
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Pointwise Convergence of Fourier Series, Thm. 2

If f and f’ are piecewise continuous on [—L, L], then for any
x € (—L, L), the Fourier series

2+§ Lapcos ("7 4 bysin ("7} = 2 (F () +7 ().

For x = & L, the series converges to 5 (f (—LT) + f(L7)).

17 /39



Fourier Series Calculus

If f and f’ are continuous on [—L, L] so that for any x € (—L, L),
the Fourier series
nWX)}
n .

—I—i{ancos< )+b sm(

Then
) - E;T{—ansin<"iX>+bncos<"7z*>}’

/_XLf(t)dt :/ dt+2/ a,,cos )+b sm(n

)}

18 /39



: : : def
Fourier Series with Inner Prod. <f,g> =

JELF(x) g(x) dx
f(x) ~ ?—i—iancos(n?zX)—i-bnSin(mZX
n=1
an:%<f(x),cos(n7zx) >= /L f(x) cos<n7LTX> dx, n>0
—L
1
L

1
L
< f(x),sin(mZX) >:1/L f(x) sin(n7LTX> dx,n> 1
L

) ,  where

19/39



Fourier Series with Inner Prod. <f,g> % ffL f(x) g(x) dx

f(x) ~ %—l—Zancos(nﬂ
n=1

Lx> + by sin <n7rx

1 ), where
a,,:%< f(x),cos(mzx) >:i/L f(x) cos<n7LTX> dx, n>0
1
L

—L

< f(x),sin(mlix) >= 1/L f (x) sin (”LLX> dx,n > 1

—L

’Given function f (x) on (0, L)‘ then
» even extension: Define f (x) = f (—x) on (—L,0),

/f(x cos TFX /f(x cos 7TX) n>0
/f sm )dX—On>1

f(x) ~ > —&-Zancos(erX).
n=1
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: : : def
Fourier Series with Inner Prod. <f,g> =

JELF(x) g(x) dx
f(x) ~ ?—i—iancos(n?zX)—i-bnSin(mZX
n=1
an:%<f(x),cos(n7zx) >= /L f(x) cos<n7LTX> dx, n>0
—L
1
L

1
L
< f(x),sin(mZX) >:1/L f(x) sin(n7LTX> dx,n> 1
L

) ,  where
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Fourier Series with Inner Prod. <f, g> «f ffL f(x

f(x) ~ %—l—Zancos(nﬂ
n=1

Lx> + by sin <n7rx

1 ), where
a,,:%< f(x),cos(mzx) >:i/L f(x) cos<n7LTX> dx, n>0
1
L

—L

<f@%§nC7X)>:1/¢foqgn(TX>mgnz1

—L

’Given function f (x) on (0, L) ‘ then
» odd extension: Define f( )

/ f(x) cos

= —f(—x) on (-L,0),

)W—On>0

x) dx

n7rx 2 [t nmx
= — i = i >
7 /Lf(x) sin (—; ) dx L/o f (x) sin ( T ) dx,n>1,

gbnsin (mZX) .
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Example: Even Fourier Series for f (x) = x on (0, 7)

o0
—— a nmx _ x, if x>0,
|even extension: | > +Z1a,,cos( 1 ) f(x) = { Cx. i x <0,
s
X
—37 27T —7 7T 27 3
(c) Even 27 periodic
5 (7 w, for n=0,
a,,:/ xcos(nx)dx = 0, for n> 0 even,
T Jo —-A4 for n odd.
m™n
4 & 2n+1
x=_r2 Z cos((2n+1) x) for x € [0, 7).

= 2
2 = (2n+1)

21/39



Example: Even Fourier Series for f (x) = x on (0, 7)

o0
—— a nmx _ x, if x>0,
|even extension: | E+Z1a,,cos (T) ~f(x) = { Cx. i x <0,
s
X
—37 27T —7 7T 27 3
(c) Even 27 periodic
5 (7 w, for n=0,
a,,:/ xcos(nx)dx = 0, for n> 0 even,
T Jo —-A4 for n odd.
m™n
4 & 2n+1 > 1 2
x=_r2 Z cos ((2n + 2) x) for x € [0, 7]. = Z 72:2.
2 mi=  (2n+1) = 2n+1) 8



Example: Odd Fourier Series for f (x) = x on (0, )

- :
lodd extension: | anSi" (n7er> ~fx) = { j? :: izg’

Al VS
S T 7 1A

(b) Odd 27 periodic

2 (7 2
by = / xsin(nx)dx = —= (=1)"".
™ Jo n
= ()
x=2 sin(nx) for x € [0,7].

n
n=1
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Example: Odd Fourier Series for f (x) = x on (0, )

- > - ’ .f 0,
\odd extensnon:\ Zb,,sm (n7rx> ~f(x) = { j(( :f izo

L

Al VS
S T 7 1A

(b) Odd 27 periodic

2 (7 2
by = / xsin(nx)dx = —= (=1)"".
™ Jo n

= (-1

x=2 sin(nx) for x € [0,7].

n=1 n
cos((2n+1) x)

(2n+1)3

[o@)
. T 4

cf. even extension: x = - E
s

n=0

for x € [0, x].
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§10.5 Heat conduction model (Fourier, 1822)

u = u(x,t) is temperature at position x at time t

u(x,0) = flx)

(initial temp. distribution)

u(0,t) =0 ( (x) w(l.t) =0

0 1

Governing partial differential equation

ou 0%u

— =0, L, t>0.

t B,axz, 0 <x <L, >0

» Assume initial condition v (x,0) = f(x) Vx € [0, L],
with a given function f.

» the boundary conditions u(0,t) =0=u(L,t) Vt>D0.

23 /39



9%u
Bﬁa
f(x)

0 <x <L,
V x € [0, L];

t>0. (
u(0,t) =

f)
0=

u(L,t)

vVt>0.
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ou 0%u

u(x,0) = f(x) Vxelo,lL]; u(0,t)=0=u(L,t) Vt>0.

SEPARATION OF VARIABLES: First try to find a solution in form
u(x,t) =X(x) T(t) that

» satisfies boundary conditions X (0) = X (L) =0,
> is NOT identically zero.
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ou 0%u

u(x,0) = f(x) Vxelo,lL]; u(0,t)=0=u(L,t) Vt>0.

SEPARATION OF VARIABLES: First try to find a solution in form
u(x,t) =X(x) T(t) that

» satisfies boundary conditions X (0) = X (L) =0,
> is NOT identically zero.

ou d%u
From 9 = X(x) T'(t), e X" (x) T (t)
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ou 0%u

u(x,0) = f(x) Vxelo,lL]; u(0,t)=0=u(L,t) Vt>0.

SEPARATION OF VARIABLES: First try to find a solution in form
u(x,t) =X(x) T(t) that

» satisfies boundary conditions X (0) = X (L) =0,
> is NOT identically zero.

ou , 0%u "
From EzX(x)T (1), =X"(x) T(t)

ox?

= X(x) T'(t) = X" (x) T(t)
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ou 0%u

u(x,0) = f(x) Vxelo,lL]; u(0,t)=0=u(L,t) Vt>0.

SEPARATION OF VARIABLES: First try to find a solution in form
u(x,t) =X(x) T(t) that

» satisfies boundary conditions X (0) = X (L) =0,
> is NOT identically zero.

u 2U
From % — X (x) T'(8), % _ X" (x) T(¢)
/ o " (x X”(X) o T,(t) def
e X(x) T (5) = BX" (x) T(2) = g 2 X

A: neither function of x nor t, therefore must be certain constant‘

24 /39



Determine values of \: trivial cases
Now find X (x) that satisfies X" (x) = —A X (x) and that

» satisfies boundary conditions X (0) = X (L) =0,
> is NOT identically zero.
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Determine values of \: trivial cases
Now find X (x) that satisfies X" (x) = —A X (x) and that
» satisfies boundary conditions X (0) = X (L) =0,
> is NOT identically zero.
There are two trivial cases:

» If A =0, then X(x) = Ax + B for constants A and B. By
boundary conditions,

A0+B=AL+B=0, = A= B =0, |NOT non-zero solution |.

> If A <0, then X (x) = AeV =¥ 4 Be V=2* for constants A
and B. By boundary conditions,

ArB=AeV A 1 BeVA_0 — A=B=0,

’NOT non-zero solution |.

25 /39



Determine values of \: eigenvalue cases
Now find X (x) that satisfies X" (x) = —A X (x) with A > 0 and
that
» satisfies boundary conditions X (0) = X (L) =0,
> is NOT identically zero.

26
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Determine values of \: eigenvalue cases

Now find X (x) that satisfies X" (x) = —A X (x) with A > 0 and
that

» satisfies boundary conditions X (0) = X (L) =0,
> is NOT identically zero.
X (x) = Acos (ﬁx) + Bsin (\f)\x)
for constants A and B. By boundary conditions,

Acos(\f)vO)—i—Bsin(ﬁ-O) = 0, = A=0,

Acos(ﬁL)—FBsin(\f)\L) = 0, :>Bsin(ﬁL>:O

Last equation possible only when VAL = nm
for positive integers n =1,2,3,--- |

nm

2
Thus A:(T) . with X (x) = Bsin ("7%) for n=1,2,3,

26
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Determine particular solutions
Now find u (x, t) = X (x) T (t) for X (x) = Bsin (ﬁx) with
A= (25) forn=1,2,3,---,
» T (t) satisfies

T (t)=—-BAT(t), T(t)=Ce P .

nm 2
» Particular solution up, (x, t) 9 A ("F) ¢ sin (MLFX) for
n=123,---,
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Determine particular solutions
Now find u (x, t) = X (x) T (t) for X (x) = Bsin (ﬁx) with
A= (25) forn=1,2,3,---,
» T (t) satisfies

T (t)=—-BAT(t), T(t)=Ce P .

nm 2
» Particular solution up, (x, t) 9 A ("F) ¢ sin (MLFX) for
n=123,---,

un (x, t) satisfies differential equation and boundary conditions

dup 0?up
o = 58)(2, 0 <x <L, t>0. (¢
up (0,t) = 0 = u,(L,t) Vit>0.
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Determine particular solutions
Now find u (x, t) = X (x) T (t) for X (x) = Bsin (ﬁx) with
A= (25) forn=1,2,3,---,
» T (t) satisfies

T (t)=—-BAT(t), T(t)=Ce P .

nm 2
» Particular solution up, (x, t) 9 A ("F) ¢ sin (MLFX) for
n=123,---,

un (x, t) satisfies differential equation and boundary conditions

dup 0?up
o = 58)(2, 0 <x <L, t>0. (¢
up (0,t) = 0 = u,(L,t) Vit>0.

nm 2
Ditto any convergent series Y ", fin e B (")t sin (’”LTX) .
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Solve Heat Equation

nm 2
Let u(x,t) =00 tin e #("T)  sin (27%) solve heat equation

Jdu 0%u
a = ,Bﬁ, 0 <x <L, t>0. (6)

u(x,0) f(x) VxeloL]; u(0,t)=0=u(L,t) Yt>0.
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Solve Heat Equation

nm 2
Let u(x,t) =00 tin e #("T)  sin (27%) solve heat equation

du 0%u
a = ,Bﬁ, 0 <x <L, t>0. (6)
u(x,0) = f(x) Vxelo,L] u(0,t)=0=u(Lt) Vt>0.

Thus

f(x)=u(x,0) Z,u,, sin ( ) , <— Fourier Sine series.

i/OL f (x) sin (”IX) dx.

Therefore u, =

28 /39



Solve heat equation, Example |

Ou 0%u
i _ Y7
ot e’ 0 <x <m, t>0,
u(x,0) = g—‘g—x‘ Vxel0,n]; u(0,t)=0=u(mt) Vt>0.
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Solve heat equation, Example |

du 0%u
— = 2
8t e’ 0 <x <m, t>0,

u(x,0) = ——’——X‘ Vxe0,n]; u(0,t)=0=u(mt) Vt>0.

SOLUTION: B =2, L=, and solution takes form

Z,u, e 2" Psin(nx), where

/ ( ‘ D ) d 0, if nis even,

n=— — —|= —x]|) sin(nx)dx = (=

g % if nis odd.
—18¢ —50t

U(X7t):i<e_2tsin(X)—e9 Sin(3x)+e25 sin(5x)+...>
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Solve heat equation, Example |

Ou 0%u
gu_ %U t>0
ot o2’ <x <m, >0,
u(x,0) = g—‘g—x‘ Vxelo,a]; u(0t)=0=u(rt) ¥t>0.
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Solve heat equation, Example |

0 <x <m, t>0,

d%u
2
Ox?’

@
ot

t)y=0=u(mt) ¥Vt>0.

)

0

(

u

‘ vV x € [0, x];

‘77
- —X
2

_7T
2

u(x,0)

SOLUTION:

sin(5x)+--->

6750 t
25

sin (3x) +

18t
9

<e_2 sin(x) —

<k
I

u(x,t)

(7

g

o

K0
1
A

KON

45
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Heat conduction, no heat flow at ends

ou 0%u
du

u(x,0) = f(x) Vxelo,lL] aX(O,t)zOzgi(L,t) Vt>0.
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Heat conduction, no heat flow at ends

ou 0%u
a = T
u(x,0) = f(x) Vxelo,L];

0 <x <L, t>0. (¢
u ou

—(0,t)=0=—(L,t) Vt>0.
L0.0)=0=2" (L)

SEPARATION OF VARIABLES: First try to find a solution in form

u(x,t) =X(x) T(t) that

» satisfies boundary conditions X’ (0) = X’ (L) =0,
> is NOT identically zero.
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Heat conduction, no heat flow at ends

ou d%u

u(x,0) = f(x) Vxelo,lL] g)L:(O,t):O:g[;(L,t) Vt>0.

SEPARATION OF VARIABLES: First try to find a solution in form
u(x,t) =X(x) T(t) that

» satisfies boundary conditions X’ (0) = X’ (L) =0,
> is NOT identically zero.
Ju , 0%u "
From 5 =X(x) T' (1), pw) =X"(x) T(t)
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Heat conduction, no heat flow at ends

ou d%u

u(x,0) = f(x) Vxelo,lL] g)L:(O,t):O:g[;(L,t) Vt>0.

SEPARATION OF VARIABLES: First try to find a solution in form
u(x,t) =X(x) T(t) that

» satisfies boundary conditions X’ (0) = X’ (L) =0,
> is NOT identically zero.
Ju , 0%u "
From 5 =X(x) T' (1), pw) =X"(x) T(t)

= X(x) T'(t) = 8X" (x) T(t)

31/39



Heat conduction, no heat flow at ends

du 2%u
u(x,0) = f(x) VxeloL] g“

SEPARATION OF VARIABLES: First try to find a solution in form

(0, t)—O_—(L t)y Vt>0.

u(x,t) =X(x) T(t) that

» satisfies boundary conditions X’ (0) = X’ (L) =0,
> is NOT identically zero.

From 24 =X () T'(1), 5.5 =X"() T (1
— X T =X T = )= T e,

A: neither function of x nor t, therefore must be certain constant‘
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Determine values of \: trivial case

Now find X (x) that satisfies X" (x) = —A X (x) and that
» satisfies boundary conditions X’ (0) = X’ (L) =0,

> is NOT identically zero.
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Determine values of \: trivial case

Now find X (x) that satisfies X" (x) = —A X (x) and that
» satisfies boundary conditions X’ (0) = X’ (L) =0,
> is NOT identically zero.

There is one trivial case:

> If A <0, then X (x) = AeV=2* 4 Be V=A* for constants A
and B. By boundary conditions,

M(A—B):F(AeFL Be FL)—O

— A=B=0, ‘NOT non-zero solution ‘

32/39



Determine values of \: eigenvalue cases (I)

» If A=0, then X(x) = A+ Bx for constants A and B. By
boundary conditions, B = 0.
Solution X (x) = A for arbitrary constant A.
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Determine values of A: eigenvalue cases (I)
» If A >0, then
X (x) = Acos (ﬁx)ﬂ% sin (\FAX) for constants A and B.
By boundary conditions X’ (0) = X' (L) = 0,
ﬁ(—Asin (\FA-O) + Bcos (ﬁ.o» — 0, —B=0,
VX (=Asin (VAL) + Beos (VAL))

0, — Asin (\FA ) —0.

Last equation possible only when VAL = nm
for positive integers n =1,2,3,--- . Together with the case A = 0,

nm\?2 )
/\:(T>, with X (x) = Beos ("7%) for n=0,1,2,3,,
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Determine particular solutions
Now find u (x, t) = X (x) T (¢) for X (x) = B cos (\&x> with
A= (22 ) forn=0,1,2,3,-
» T (t) satisfies

T (t)=—BAT(t), T(t)=Ce P L.

> Particular solution up (x, t) %1 and
up (x, t) & e B0 =)'t cos (27%) for n=1,2,3,-
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Determine particular solutions
Now find u(x,t) = X (x) T (t) for X(x) = B cos (ﬁx) with
A= (22 ) forn=0,1,2,3,-
» T (t) satisfies
T (t)=-BAT(t), T(t)=Ce P .

: . def
> Partlcular solutlon uo (x,t) = 1 and

up (x, t) & e B0 =)'t cos (27%) for n=1,2,3,-
up (x, t) satisfies differential equation and boundary conditions
Oup 0%up,
a”t — 3 ”, 0<x <L t>0. (0

up(0,t) = 0 = wu,(L,t) Vit>0.
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Determine particular solutions
Now find u(x,t) = X (x) T (t) for X(x) = B cos (ﬁx) with
A= (22 ) forn=0,1,2,3,-
» T (t) satisfies
T (t)=-BAT(t), T(t)=Ce P .

: . def
> Partlcular solutlon uo (x,t) = 1 and

up (x, t) & e B0 =)'t cos (27%) for n=1,2,3,-
up (x, t) satisfies differential equation and boundary conditions
Oup 0%up,
a”t — 3 U, 0<x <L t>0. (0

up(0,t) = 0 = wu,(L,t) Vit>0.

nm 2
Ditto any convergent series &2 + >~ 11, e #("F) t cos (7).
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Solve Heat Equation i
Let u(x,t) =2 4+ 302 un e A ('T) ¢ cos (27%) solve heat

equation
gu- _ B@ 0 <x <L, t>0. (¢
ot ox?’ ’ ’
u(x,0) = f(x) Vxelo,L]; @(O,t):O:@(L,t) Vit>0.

Ox Ox
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Solve Heat Equation i
Let u(x,t) =2 4+ 302 un e A ('T) ¢ cos (27%) solve heat

equation
gu- _ B @ 0 <x <L, t>0. (¢
ot ox?’ ’ ’

u(x,0) = f(x) ¥Yxelo,L; %(o,r):o %(L,t) V&> 0.

Thus

f(x)=u(x,0)= +Zuncos<

) , <— Fourier Cosine series.

2 L
Therefore M”:L/ f(x) cos(mLTX)dx, n=20,1,2,---
0
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Solve heat equation, Example |l

Ou 82u
u(x,0) = ——‘——x’ Y x € [0, L]; (0 H=0=2"(L¢) ve>o.

ot
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Solve heat equation, Example |l

Ou 82u
u(x,0) = ——’——x’ Y x € [0, L]; (0 t) = ozg‘t’(L,t) Vit 0.

SOLUTION: B =2, L=, and solution takes form

oo
5.2
t):%—l-z_:,une 2t cos(nx), where

%, ifn.ZO,
;tn:/ (——‘——x‘) cos(nx)dx = (()’—1)k_ if nis odd,

1 .
s ifn=2k even.
—72t

u(x,t)=

—72r<e_8tcos(2x)—i— cos(6x)~l—--->

N
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Constant boundary temps, Example IlI

du 0u
a = ,6@, 0 <x <I_, t > 0.
u(x,0) = f(x) Vxelo,L] u(O,t):\UB/, u(L,t)= Uy Vt>0.

boundary temps
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Constant boundary temps, Example IlI

Jou 0%u
E = ,6@, 0 <x <L, t>0.

u(x,0) = f(x)Vxelo,L]; u(0,t)= Uy, u(L,it)= Uy Vt>O0.
boundary temps

SEPARATION OF STEADY-STATE AND TRANSIENT: First let

u(x,t) = v(x)+wi(x,t), with v(x) = Up + 7 (U1 — Up).
ov

2y

0
Then 9t ﬂ—axz; v(0,t) = Uy, v(L,t)=U; and
ow BaQ—W 0 <x <L, t>0. (¢
ot ox2’ x ’ '

w(x,0) = f(x)—v(x)Vxel0,L]; w(0,t)=0=w(Lt) Vt>0
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Constant boundary temps with source, Example IV

time-independent source
ou 0?u —~
= B=— P L .
ot Baxz +P(x), 0<x <L t>0 (0
,0) = f Vv x €0, L]; 0,t) = Uy, Lt)= U Vt>O0.
u(x,0) (x) vxe[oL]; u(0,t)= Uo, u(l,t)= Ui
boundary temps
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Constant boundary temps with source, Example IV

time-independent source

ou 0%u —~ =
5: = Pga tP(), 0<x <L t>0 ()
u(x,0) = f(x) Vxelo,L] u(O,t):\U,o_/, u(L,t)= U Yt>0.

boundary temps

Set u(x,t) = v(x)+ w(x,t), with

v(x) = Uo+% (U — UO)*/OX; (1—)L(>P(s)ds+/XLX(1—i)P(s)ds.

B
v 0%v
Then E:B@—%P(X); v(0,t) = Up, v(L,t)=U; and
a—w = 562—‘” 0 <x <L, t>0
ot~ Tox2 eo '

w(x,0) = f(x)—v(x)Vxel0,L]; w(0,t)=0=w(L,t) Vt>0
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