
Linear Algebra
Di↵erential Equations Math 54 Lecture 002 Practice Final Exam [LA+DE] Dec 12, 2019

1. Mark “T” if the statement is always true, “F” if it is sometimes false. No explanations are needed.

1) T | If all of the eigenvalues of a matrix are not real but complex, then it must be invertible.

2) T | If A is an n⇥ n orthogonal matrix then the RREF of A must have n pivots.

3) T | If � is an eigenvalue of A then �2
must be an eigenvalue of A2

.

4) F | The set of diagonalizable 2⇥ 2 matrices is a subspace of the vector space M2⇥2.

5) T | If the 3⇥ 3 matrix A has two rows that are the same, then detA = 0.

6) T | Let A be an n⇥ n matrix. If A9
is the zero matrix, then the only eigenvalue of A is 0.

7) T | If A is a square matrix and A5
= I then A is invertible.

8) F | If A is a 5⇥ 5 matrix such that det(2A) = detA then A = 0.

9) T | If T is a one-to-one linear transformation from Rn
to Rn

then T is onto.

10) F | Let A be an n⇥ n matrix such that A2
= A, then A is invertible.

11) T | Every symmetric n⇥n matrix with real entries is similar to a diagonal matrix with real entries.
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2. Select the correct answers. Be aware that there might be more than one answer to each problem.

1) The exponential of a square matrix A is

(a) The sum of the series I +A+A2
+A3

+ · · ·
(b) The sum of the series I +A+

1
2!A

2
+

1
3!A

3
+ · · ·

(c) The matrix whose (i, j)-entry is exp(Aij), where Aij is the (i, j)-entry of A

(d) The diagonal matrix with entries e�i , where the �i are the eigenvalues of A

2) The exponential of the matrix


t t
0 �t

�
is

(a)


et et

t e�t

�
(b)


et tet

0 e�t

�

(c)


et (et � e�t

)/2
0 e�t

�
(d)


et (et + e�t

)/2
0 e�t

�

3) Pick the matrix on the list which is NOT diagonalizable over C, if any; else, pick option (e).

(a)


2 �1

1 0

�
(b)


3 0

2 1

�
(c)


1 2

2 4

�

(d)

2

4
1 0 1

0 1 1

0 0 2

3

5 (e) All of them are diagonalizable over C.

4) If A and B are matrices such that AB = 0, we can safely conclude that

(a) NulA contains NulB (b) BA = 0

(c) NulA contains ColB (d) ColA contains NulB

5) Which subspace of R4
is the orthogonal complement of the subspace defined by the conditions

{[x1, x2, x3, x4]
T
: x1 + x3 = 0 and x1 � x2 + x3 � x4 = 0}?

(a) Span([1, 0, 1, 0]T ,[1,�1, 1,�1]
T
) (b) Span([1, 2,�1,�2]

T
,[1, 1, 1, 1]T )

(c) Span([1, 2,�1, 2]T ,[1, 1,�1,�1]
T
) (d) Span([0, 1, 0, 1]T , [1, 1, 1, 1]T )

6) Which linear transformation T has the image not of dimension 2?

(a) T : R3 ! R4
sending [x, y, z]T to [x, y, 0, 0]T

(b) T : P2 ! P2 sending at2 + bt+ c to 2at+ b� 2c

(c) T : P3 ! P3 sending f(t) to f 00
(t)

(d) The orthogonal projection map from R3
to the plane defined by x� 2y + 3z = 0

(e) All of them have 2-dimensional images.
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3. Consider the 2⇥ 2 matrix

Ma =


a 2� a

2 + a �a

�
.

a) Find all real values of a such that Ma is invertible.

b) Find all real values of a such that Ma is diagonalizable.

c) Find all eigenvectors of M1.

4. Given a linear second-order equation

y00(t) + ay0(t) + by(t) = f(t),

only information you have is a set of three solutions to the equation. They are

t+ et cos 2t+ e2t sin t, t+ e2t sin t, t+ et sin 2t+ e2t sin t.

Find a, b, and f(t).

3

a) Ma is invertible if and only tf def Mateo and def Ma= a-C-a) - G-a)Gta)

= -at 4ta

= - 4 to for any a .

So
, Ma is always invertible , that is a can be any real numbers .

6) Yuu) = (X-a) (dta) - Cz-a)Gta) = A-4 .

Hence
,
a does not affect to the eigenvalues

and d, = - 2
,
de2 are distinct

.
This empties that the

corresponding eigenvectors are linearly independent so that

they form a basis
.
So

,
Ma is diagonal-Kable for any real number a.

C) Mi = [ I I]
.

f-2 and -2
.

d.⇒ ⇒ Null; ' 's] all ]
.

So
,
Edf Span I I

de -2 ⇒ Nae [3 i] a f's]
.

Ede spank's31
.

By superposition principle , you know that the differences of any two
well give you homogeneous case solutions

. 1st- 2nd = etaszt .

2nd-3rd= - etsinzt .
So

, they correspond to 112i . This Tmpkes
that (r-cuz i)) (r- Chi)) is the auxiliary equation

.

It es farts .

So
,
A=-2

,
6=5 . Tor fat

, you can plug in the second function ypttkttetstut .
Yp
'
= It2GtSant t e'tGst

, Yp
"

# =3eztstht taek cost .

Hence
,
ft) = Sf-2 tzetcosf the Tnt

.
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5. Solve the following initial value problems:

a) y00 + y0 = t2 with y(0) = 0 and y0(0) = 0.

b) y00 + y = sec t with y(0) = 0 and y0(0) = 0.

c) x(t)0 = Ax(t) + f(t) where A =


2 �1

3 �2

�
and f(t) =


0

4et

�
with x(0) =


0

0

�
.

4

a) Aux. eg .
is r4r=o

.

V= - l and o are roots
. Hom case : eat and e-' it

.

E is E. eat
.
So

,
Lusty Undetermined coefficients Method ) 4 It

.

Tptt) = (attack General : JH =#Ettyt

g:'¥¥¥t¥¥
.

' ⇒ '
"

*⇒fit
" " '" " '/**⇐¥Eaet .

A- 43 .
6=-1

,
C --2

.

-Ge
-t

So
, y#= It

'
- that -2 +2e

-t
.

Pkg into ⇒ atczo
And 2- CEO
--

6) Variation of Parameters .
Hom case solutions : Auxeg = HttO

.
Ydtk Cost . Yet⇒int .

W[y ,,YDKt=Gs¥t5h4v
,
= I -4£ = J dt - f- E¥dt= blasts

=L '

W T
use ft -Cent)!

Wtf f# = fasted = f f-at -t .

So
, yplt)= blast) roost tf-stint .

General ⇒ yet = blast) . Cost ttstnttacostt Tnt
.

Use the initial values to conclude that a = CEO . Answer : yet) = lnccostkostttsiut .
I

C) Method of Undetermined Coefficients .

# d) = ( d-2) (H2) -13=42-1
= Cd- Dutt) . D= I and - I are eigenvalues .

But , in fat , we have et which corresponds to del . So, we need to try

Cates -et as our XpHI . (LHS) we get@tta-NJetCRks1aegetAutettAuettfedet.T
arms w/ t-et : U = Au . Terms w/ et : Utu = Aut Cf]

.
So

, Cq,A)a- O
and

A- (E) for some CEIR . Now ,
the secondequation

←
flies ⇐ ;]

G-A)v = [I]- (f) = LIE] . Here, you need to find a set . the system is consistent.

This Spank's))
.

So
, ⇐c] should be a multiple of .

⇒ 4-G- 3. C- c) .
So

,
C = -2

.

Now . (2- A) v=[I] gtes a solution a- [E] .

- o#
Hom.case : eigenvectors are f

General : [I]tett[E)Etc. [ Iet +G[d)et
.

f-I ⇒V=[I ]
,

D=- I ⇒¥3]
.

Use initial cendztzns to conclude that a =L , CE - l .

*httet - I]
,
Ett's]

.

Answer : Gz]tet t et - [b)e't .
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6. Consider the following di↵erential equation in normal form:

x(t)0 = Ax(t) +


1

2

�
t�1e3t where A =


�1 2

�6 6

�
.

a) Find a fundamental matrix of the corresponding homogeneous equation.

b) Compute eAt
using (a).

c) Find a particular solution using eigenvector method.1

1That is, for v1 and v2 eigenvectors composing a basis, set xp(t) = ⇠1(t)v1 + ⇠2(t)v2 and solve for ⇠1(t) and ⇠2(t).

5

a) Since It is 2×2 , we need to find two knearly cadependent solutions

of the corresponding homogeneous equation *
'E) = Axes

.

*d) = Cdt 1) Cd-6) the d
'
-5kt6=61-2161-3) .

de⇒Nul [If I] 2-[3) .
Let *at Ge et . (33 and *It be est LL] . 4=3 ⇒ Nul [83] a [ 13

.

Then, Xia) and Hdt) ate theory independent solutions . (Note that 243 ⇒ e.vectors

so.lt/CtI--C*iftt&dEI=CsEIIeeFJ-safondameniaematr-earthnut
6) We know that eat is a fundamental matrix 61cm @At -e -a)' = A - eat . e. (Elon2)

and 2) eat Ts Eventide .

So
,
eat should be Htt) x M for some 2×2 invertible matrix M

.

How to find M ? [I said it is M.#t) in the discussion ,

but

Because eat- XE) x M, this is still true -ites wrong. It
should be Xlt) . 14 .

when to especially . (LHS) is e
't e!Iz

. The order matters b/c they are matrices . ]
(RHS) is * Co) x M . So

,
14 should be the inverse matrix of *Co2

.

Fan a)
,
we have XGI = [ 3L]

.

So
,
M=¥. Es -I ] = [Zz I] .

Therefore eat- HAHM - EEE EEE]xE3 I] = 3E¥¥:]
.

c)I#mdi⇒V=[3]andz⇒k[]etXpt}HVtfHV
(LHS) : Edt)

'

ut K'E)K faut faut k= (Ift- test
(RHS) : Edt) Aut⇐ Akt [ LIE 'est = 25 ,Hut 35kt) k 11

So
,
we get {CH '-25, Ctl = o tout et -K [44] ¥]

a. ⇒ s.si#o:ssiEit:ie:i::EI..........e.f ¥¥¥¥¥¥¥¥
and then Edt) - e

-stent
,

o-

so { A) = but - est
.

Therefore
, Xp G) = (L) ht . est
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7. (Extra) Let A be a 2⇥ 2 matrix such that
2

A


�1

4

�
= �4


�1

4

�
, A


0

1

�
= �4


0

1

�
+


�1

4

�
.

Find the functions x(t) and y(t) with initial values x(0) = �2, y(0) = 11 that satisfy the system of

di↵erential equations 
x(t)
y(t)

�0
= A


x(t)
y(t)

�
.

2
Hint. This tells you that A = PDP�1

where P =


�1 0

4 1

�
and D =


�4 1

0 �4

�
.

6

A - ft ]= -4ft] and A. [97-419344] imply A. [493--149] Id
.

so A- PDP"
note thatThen

,
the equation becomes *

'

CH = PDP
- '
NCH

. pj (T -

'4) (it's notSo
,
it is P

- '

H'AK DP
- ' *Ct)

.
If we let ya , =p ! *as

,
diagonal.)

It becomes Y
'
# =D YAI

. Initial conditions become Yat P
- '

[7,3--1-49] =[3)
.D is [-04-14] so -4 is the only eigenvalue

,
but the ( p

- ' happens to be the same as P .]dimension of the eigenspace is 1<2
. Hence

, we have lychee
-4th] as one solution

.

Now
, we try Bett = t - e

-* (f)t u- e- at
. (This is the methodyou use for

XIA) = e
-4th] - 4.f.e-caff] -que-et nmdtgonali#66 matrices . )

DKKCH = t.e-4t.DK]+ e-at . Du
.

Terms w/ t- e-* match
.

w/ e
-4T

: (b]-4U=Du
.

.

.

. YdH= t - e
't (b) te-4-49]

.

So
,
(42T D) u= [to]
④ '

o ] ⇒ choose a- ( 93
.

General : YCH - GY.CH t Ekta satisfies Kok [3]
.

So
,
c.Colt Cafe7- [3) ⇒ a⇒ c.⇒

.

i. Htt =P -Yeti =P - HI -134ktD= [I i] . (ste't (f)te-443])
= t - e
't te

-*fit]
.

Finally, NCH = - 3T. e-"t - 2e
-4T & y = ht .e-

*
t He

-4T
.


