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Differential Equations Math 54 Lecture 002 Practice Final Exam [LA+DE] Dec 12, 2019

1. Mark “T” if the statement is always true, “F” if it is sometimes false. No explanations are needed.

1)T | If all of the eigenvalues of a matrix are not real but complex, then it must be invertible.

N
H

If A is an n x n orthogonal matrix then the RREF of A must have n pivots.

3)T | If X is an eigenvalue of A then A? must be an eigenvalue of A2.

4) F | The set of diagonalizable 2 x 2 matrices is a subspace of the vector space Mays.

5 T | If the 3 x 3 matrix A has two rows that are the same, then det A = 0.

6) T | Let A be an n x n matrix. If A% is the zero matrix, then the only eigenvalue of A is 0.
7T | If A is a square matrix and A% = I then A is invertible.

8) F | If Ais a5 x5 matrix such that det(24) = det A then A = 0.

9) T | If T is a one-to-one linear transformation from R™ to R™ then T is onto.
10) F | Let A be an n x n matrix such that A% = A, then A is invertible.
11) T | Every symmetric n X n matrix with real entries is similar to a diagonal matrix with real entries.
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2. Select the correct answers. Be aware that there might be more than one answer to each problem.

1) The exponential of a square matrix A is

(a) The sum of the series I + A + A% + A3 + ...

(b) The sum of the series I + A+ 5 A% + 5 A%+ - -

(c) The matrix whose (4, j)-entry is exp(A;;), where A;; is the (¢, j)-entry of A
(d) The diagonal matrix with entries e*, where the \; are the eigenvalues of A

2) The exponential of the matrix B _t t] is
OF o) |5 2]
(©) [%t (ef eett)/2:| () {%t (et Jreett)/Q]

3) Pick the matrix on the list which is NOT diagonalizable over C, if any; else, pick option (e).

2 -1 3 0 1 2
@ ] o |5 1) @ 3
1 01
(d |0 1 1 (e) All of them are diagonalizable over C.
0 0 2

4) If A and B are matrices such that AB = 0, we can safely conclude that
(a) Nul A contains Nul B (by BA=0

(c) Nul A contains Col B (d) Col A contains Nul B

5) Which subspace of R* is the orthogonal complement of the subspace defined by the conditions
{[x1, 22, 3, 24]" : 21 + 23 =0 and x1 — 29 + 23 — x4 = 0}?
(a) Span([1,0,1,0]7,[1,-1,1,-1]T) (b) Span([1,2, -1, -2]7[1,1,1,1]T)

(C) Span([l,Q, 7172}T7[17 17 71’ 71]T) (d) Span([(), 1707 1}T7 [la 17 17 1}T)

6) Which linear transformation 7" has the image not of dimension 27
(a) T :R® — R* sending [,y, 2|7 to [z,,0,0]T
(b) T : Py — Py sending at? + bt + ¢ to 2at + b — 2¢
(¢) T : P35 — P5 sending f(t) to f"(t)
(d) The orthogonal projection map from R? to the plane defined by x — 2y + 3z = 0
(e) All of them have 2-dimensional images.
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3. Consider the 2 x 2 matrix

Maz[ a 2‘”].

24a —a

a) Find all real values of a such that M, is invertible.
b) Find all real values of a such that M, is diagonalizable.

c¢) Find all eigenvectors of M.
O U s wotte @ adoly b bato o kb Hh=aCa) —(2-0) ()
= 0> 440
[e, Mo Ts an%s merkilde , Hok & O an @ Of vesd womers:

6) %’\Q\) = (A-&) (M) — (00 () = }\l—((,
Weme, 0 des st OQPQ@JQ v gsemguas
d =2, h=2 we Jislinek . s @\,(;w NN
elgoechs ave (marky Tv\&s@\cle& o ok
boy fom & Cofs. [, Mo s dupdnoie &,Ma i

o M= 11 k2 ad 2
A= = Ll [;( fﬂ 9[)\1 &%, B &m\[m
=2 = pa[f 02 [0 SR

4. Given a linear second-order equation
y'(t) +ay (t) + by(t) = f(t),
only information you have is a set of three solutions to the equation. They are
t + et cos 2t 4+ e?tsint, t + e?!sint, t + e sin 2t + €% sint.

Find a, b, and f(t).

%Q SU-\QQWFQS"@»\ fﬁv\c—((ﬂ'@@/ v lwow A dle SRenes & oy o
SR Je g L\Mmaemus cose. seldbns. Pgd | Stasok
Q\M—3TQL= — SSinak SO, -Ll/ej WA s 12K, T T\M%les
Gk (=) (r-a=) & 4 ondon spefa, ks T2

90, 0=-2, 6‘_'5 o ‘&i\) U o K;Qu& o Ale Soconl "S-QJVC:L(&/\ &r@d\'ﬁ-&e’“{ﬁv&_
éi?’ea:«fze*%m 4+ st | Y= 3Tk tuet et

,  Hee, $O=6(D 28t +USSUE
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5. Solve the following initial value problems:
a) vy’ +vy' =t with y(0) = 0 and 3/(0) = 0.
b) ¥’ +y =sect with y(0) = 0 and 3'(0) = 0.

¢) x(t)' = Ax(¢) + £(t) where A = E :ﬂ and £(f) = [ 4?4 with x(0) = [8]

0) A”‘\ef'é- T Y=o, V= -\ ad © ae  yaks . H-‘W\ e : Qolé and e"'é.
Ew LSt R, (g Ubnial Gfdak Mebd) &
HW = (aFebt) / G+ 0 - (S
2 = Y45, = k= (Cokable §(kec) ;
3"(%3:— Sgajj zééw A ?\' o “Geae’,
i e o O vy- £ak e
=% . b=-(, =2, —Ge™
- 'R\g} Wt=0 = (Q¢G=0
_ _?_ 2 _ Q \ A 2
&) Y= st -2 42 ool 2-Cmo

U come slokins © fuxeg = (=0, MO=GsE | 90-R& . W40 = st
(\)(QL): S"’%z_%— __\& —%&Sed.dk:g, Ci'o;‘* E,: Qw(@s{) )
W 1 % : .
Use f\%\@)
L Seck
T I
o, getby= Qnlest) st LSk

ol => Y& = (Gt -Cst +EStt «Casb€ QSuwk.
(b #e wtbed wloes % cncode bk CQ=G=o. Ager 4O = Qo) Grk e S

) Mekod £ Ondelermiel Getidesds.
AN = CA-D (M) +3= o= (A DUED) - hel and -\ are fgonadies |

B 00, e dae & olich cmsgmli e A=l Qo) ap el & .
Wen o5 ar @, (LKD) e vk (tu)et  (RKS) we gob Audet+Aué [
Towe sy *SE . U= Au., o W/ e (= Av+ D:j $o, (1’”A)U'=O and
U[C] frome ceR. s, e seconel cquskin” ghex oy

(1-Ayv = LZ} [%]= [[;Cc] Hare, gox neal o Prd o skt systm (s conslelad-
-k:'ksj:(s_'\:\ %&Bﬁ So, @_fﬂ Seuld e a %u(@/ﬂﬁl [3'\]——-? 4C=3-CO . R, C=-D

o, (10 0-[2] g & oo o= [2]

b csse. - egonestrs v | Gored - (A< [ v [11ef +a[d]e®
k=t =2v=[1] de-t=>v=l{] | Uk sl codibivs A amclude Ak 0 =1,C= .

xeom [T, Mo =<1 wwar [t « [S1€-[L)e™.
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6. Consider the following differential equation in normal form:

x(t)" = Ax(t) + B] t1e3 where A = {:é 2} )

a) Find a fundamental matrix of the corresponding homogeneous equation.
b) Compute e4 using (a).

c¢) Find a particular solution using eigenvector method.
Q) Swe kv 2X2, we meed b Ld Ao \W&&Jeaeq&%ao(om
A e (‘)N\TQ.Q(VN\A,T Wﬂseymue e%ua:}w K= Axy. aa )
D= (e b Pkl = (A2) G ferm i E~s£&1 >[3).
ot KO G @ [3] od ko te [F] AR [T

Tren, X© od Ye® oe (@ solotovs . (pde thad 273 = e \cher

2 ave (. T )
So. X@)= {Kﬁ({c} X(%(%)] — @i; gi & o fodowertsQ i, =t

D) We s ek & 1 o fondamerdal wobrix  b/c D (el ey = A e (=t
and 9% & Twerdble .

Qo % dold & XO M h-pome vz tekile wobrix M.

How 4o &d K2

Bewuse. € =X€Q*M, ds & skl e
Jren t=o :

[T sadne MKE Wb dsuasion, bot
to .6 t® Lowrg.. o sheld & X® M.
) C ORI e odor wellers b{c-@re»\mmlﬂcu,]
&) = XM L, U dold be dhe muose v & X&
Fon 00, w2 doe KO- [31] S Mz [5e] = (571
_ L& 3k - ‘&__—Se?% _ze_zﬁ _%E-E
Taehe = X®OrM= B;,( fea]x[}j L]: [g:ﬁ_@e i 2&4@':]_

Q) TR D, o bae A= V=[] and A=3ve=[H1 ek O=E OV {0V
(LR : é(’c\r\/(*‘ SO

.-ﬁ\ﬁb\/r(- ‘€1,(£) vy, = ! f-('e?é
(@) * C@AtE@ At [ LTt = 28wt 3w Il 2
W, we 2tk LA O©=0 --- (D tout Ve | [ ] ff_@
r -1 gk . — - -
L ato=¢iet - (D AN M) S e
()= SWw=0 &= H"U"‘\’(E\ {le Tty Foacom € _ [t e
GV\A ‘H\EV\ iLLQ '8—36= nt ' |

o

SO &, 1) =k S
Toche, Y@ =[32] 8k &

IThat is, for v; and vs eigenvectors composing a basis, set x,(t) = &1 (t)v1 + &2(t)v2 and solve for &1 (t) and &2(t).
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7. (Extra) Let A be a 2 x 2 matrix such that?

-1 -1 0 0 -1
Al =5 Bl =l [
Find the functions z(¢) and y(¢) with initial values z(0) = —2, y(0) = 11 that satisfy the system of

differential equations ,
o) =4l

I O R o
ALl o AL [T oy AL L9
o /~\= fPD B

“Then, 4y eguw(;iz‘s«\ tecames Xr&\'; 'PDP—\‘K(Q_ [ |uo\‘PE [-:f -(4] d:trvif‘

St n PIKW= DFKG) . T e fat Yo Py, dagudly

I teomes Y® =D Y Todid i e b= e

B BT, I ekl tone om PR - [ (2 )
oS 2o TRE TR S chde bl He [P oo o be e e s P

dimenston o‘# e egonfae & 1<2. Hence, e hove o=@ Da] 0s one solotton. |

Moo, vety W)= E-e—%[(b]—ﬁ u-e"%_ (‘TMS 5 He vve%u/gw_ usz A

Yo b) = 8%&[‘6] - ‘(—'{-eﬁ[g—qu_e“% ’”WW?%& matrices . )
DHO= Lo plfees . e S 4O ok

“/ e [ Ll—qu="b
Vo= Lot [ilse ] So, Gmbyu=[3]

[£2] = e e 9]
Geradd = Y@ = Y@« QY ©  sahdec Yeoy= [’Bl]

So. Q[L]*—C,_]:ﬁfjc E*?] = C =2, =3
SOXE = 'P-y&\ _— 'P -QQY\G:\ {—'EVLQ{:B: [—qﬁ ﬂ , (36-8% [((9}e Q—Q{[%}B

— ¢k | D jee(” =2
- £'€ 2 t€ L(l _

ﬁw.%,/ )= —3¢.e®_og® 8(e)=/2{-e"‘€+ (1@

2Hint. This tells you that A = PDP~! where P = [_41 ﬂ and D = {_04 _14].
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