Linear Algebra

Differential Equations Math 54 Lecture 002 Practice Final Exam [H]

Fall 2019

1. Suppose that B is an invertible square matrix with the property that for both B and B!, all of their
entries are integers. Show that det B is 1 or —1.
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2. Let B be an n x n matrix satisfying BY = —B.! By considering the determinant, show that B is not m
invertible if n is odd.
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a. Find the eigenvalues of A and the corresponding eigenvector.

b. Let D be the diagonal matrix whose diagonal entries are exactly the eigenvalues from the above. Check
that N which is defined to be A — D satisfies N? = 0.2

c. Use N2 =0 to find a matrix B such that B = A. 6 q l‘-é q
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1Such a matrix is called skew-symmetric.
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2An n X n matrix satisfying N = 0 is called nilpotent. KDU)QQ d\eéﬂ ke -LX'\KS SVWQS NB A ‘
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4. Consider the inner product space Py with the inner product
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(f.g) = / f@lg(a)da

a. Find an orthonormal basis for Py. [Hint. Use Gram-Schmidt process.]

b. Find the best approximation to f(z) = x° by polynomials in Py.

Q. (P}_ o Kass \ 1‘11 (el OQP&@—W\« Lehurh process .

V=l = - SR =2 2= =1 ‘1‘>( <Z—’,;°§>«L e -
_ Y.
- i\"‘x’ (1——:‘55( s an qsr(&\o%wug\ boSk == )5

b. The fesh opprodnaden © g Gt Yo propclon. Al the prieckian Kooy,
e Qo 6‘08#

(
25 ) e
<L B> L1, TS NI e A ?#f SQ S NE R
W‘*Wi—(_ = )f'x}/>( s IH SCL y\Ll(

loser, §' @ 5)6di=|' -4 —0 b T4 s o a:tw and e Tiorall is
fom —( 4o L.
Theche, the asuer & 31,

5. Let T : R2 — R2 be a linear transformation such that
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a. Find a matrix A such that Tv = Av for all v € R2.

b. Given the basis B = {[ } [ }} find the matrix P such that [T'(v)]g = P[v]g
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6. Let Msyx3 be the vector space of 3 x 3 real matrices. Let V' be the set of matrices X € Mjzy3 such that
XT = —X. Is V a subspace? If so, find a basis for V.
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Let M52 be the vector space of 2 x 2 real matrices and consider the map T : Moy — Msyo defines as

T(X) = XF for any X € Mayo. Find the matrix of the linear transformation 7" with respect to the basis
B= {bl, bg, b3, b4} where
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8. Show that the functions {sin(x/2),sin(3z/2), - ,sin((2n + 1)z/2),---} are orthogonal under the inner

product
- [ #@gteyis

For any n > 1, find the orthogonal projection [J,(z) of the function f(x) = = onto the subspace spanned
by {sin(z/2),sin(3z/2),--- ,sin((2n + 1)x/2)}.

¢ Odegrity <4 S 2] Gaoor, )
Wht e meel 4o dede - <Th 250 w200 = ® M=,
Qmﬂek(sv\'. T = STL T I 22 e use STV\D(SV)(& Y'G:S(W\F) Gs@l—ﬁ)]/z

L e e R

g Gos Qrint+Dadl- —(2—8 Cos G-

(
=
S I S 0 el — S S @S =4 - é(v&jb
“Lm«\aw e WEN. becatse {Zk%kgv%\egz\r. @

« e of\lwam( ?ng{ec&m £ £0=X onfo 9?“& =X, -~ QTV\EAEQC(_
We deded —that S 2a's Rw o G*F“bg«-\Q ok, SO we Qan \&‘WQPrn'ge_d(M—'ﬁmvuhﬂ

<swk x> <3T‘(\gv§j"l, xXL> QVH'\
j,\@\ oL > W T < N2 S 2D St X
s Oxmgv&e < 0, SRS R s &m SRRy = %K —‘—Dil—c:s(gx\mQAx
T e |©
— Ll - L Shemoa{

Now, Gl amde (s 2y, 2O B w 811%?:\ Wl e,

Uk Akl by L. %= ’mn_ﬂ'eo"“i dn= gerdt

So, e Tegadin & sk QQ S £ gnkdt. Voo, apfls T W;ng&w% ot

S ok db = 4 sk — [(B0d = —cask 4.

S e - (B Tt sl T =(Z (e h)-eo)= o

(
Troshe. j“(n: %(%T\n E %S&%x«-é: T Fh— -« ETrn A %—;_”K>

—




