Linear Algebra
Differential Equations Math 54 Lecture 002 Practice Final Exam [H] Fall 2019

1. Suppose that B is an invertible square matrix with the property that for both B and B!, all of their
entries are integers. Show that det B is 1 or —1.

2. Let B be an n x n matrix satisfying BT = —B.! By considering the determinant, show that B is not
invertible if n is odd.

3. Let
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a. Find the eigenvalues of A and the corresponding eigenvector.

b. Let D be the diagonal matrix whose diagonal entries are exactly the eigenvalues from the above. Check
that N which is defined to be A — D satisfies N2 = 0.2

c. Use N2 =0 to find a matrix B such that B® = A.

4. Consider the inner product space Py with the inner product

1
(f.9) :[lf(x)g(x)dx.

a. Find an orthonormal basis for Py. [Hint. Use Gram-Schmidt process.]

b. Find the best approximation to f(x) = x° by polynomials in Ps.

5. Let T : R2 — R2 be a linear transformation such that
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a. Find a matrix A such that Tv = Av for all v € R2.
b. Given the basis B = {{_11} ) [g} }, find the matrix P such that [T'(v)]g = P[v]s.

6. Let Msyx3 be the vector space of 3 x 3 real matrices. Let V' be the set of matrices X € Mjzy3 such that
XT =—X. Is V asubspace? If so, find a basis for V.
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Let Msyy«o be the vector space of 2 x 2 real matrices and consider the map T : My — Msyo defines as
T(X) = XF for any X € Mayo. Find the matrix of the linear transformation 7" with respect to the basis

B= {b1762,b3,b4} where
10 0 1 0 0 0 0
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8. Show that the functions {sin(x/2),sin(3x/2),--- ,sin((2n + 1)z/2),---} are orthogonal under the inner
product

7. Let

(f(2),9(z)) = /07r f(x)g(z)dx.

For any n > 1, find the orthogonal projection J,(x) of the function f(z) = = onto the subspace spanned
by {sin(x/2),sin(3z/2),--- ,sin((2n + 1)z/2)}.

1Such a matrix is called skew-symmetric.
2An n x n matrix satisfying N = 0 is called nilpotent.



