Math 54 Discussion section 212, 217 November 21, 2014

Quiz 12

1. Solve the initial value problem

y" — 5y +6y=—e*, y(0)=2, y'(0)=5.

First of all, let’s find a particular solution.

— The auxiliary equation : 72 — 57 +6 = 0 or (r — 2)(r — 3) = 0.

— 2 that appears at 2t in —e* becomes a solution to the auxiliary equation.

— So, let’s try Ate?, not just Ae?.

Let y,(t) = Ate*, then y)(t) = A(1+ 2t)e* and yp(t) = A(4 + 4t)e*. So, yi(t) — by, (t) +
6y,(t) = —Ae*. Hence, A = 1. Now, a general solution to the differential equation (if we
assume that our answer does not necessarily satisfy the initial condition) will be

y(t) = te® + cre® + et
Now, using the initial values given, let’s solve for ¢; and c;.

— y(0) = ¢1 + c2 which is supposed to be 2.
— Since y/(t) = (1 + 2t)e?" + 2c1€?* + 3cze3t, y/(0) = 1 + 2¢1 + 3c2 and it should be 5.
— Solving those two linear equations, we get ¢; = 2 and ¢z = 0.
Answer. y(t) = 22! + te! (or (t + 2)e?)
2. Find a general solution to the following differential equation.

Y + 4y = 8e® + 4 cos 2t

— The auxiliary equationis 72 +4 = 0 or (r + 2i)(r — 2i) = 0.
— cos2tis 3(e* + e72") and 2i and —2i are solutions for the auxiliary equation.
— We try At cos 2t + Bt sin 2t for +4 cos 2t part.

Let's first do 4 cos 2t part. Our guess is y,(t) = At cos 2t + Bt sin 2t. Then,
Y, (t) = Acos2t 4 Bsin2t — 2At sin 2t 4 2Bt cos 2t

and y,(t) = —2Asin2t + 2B cos2t — 2Asin2t + 2B cos2t — 4Atcos2t — 4Btsin2t. So,
y" + 4y = —4Asin2t + 4B cos 2t and we get A = 0, B = 1. So, y,(t) = tsin 2t works for
4 cos 2t on the RHS.

For 8e2¢, since 2 is not a root for 72 + 4 = 0 (note that it is "+" not "—"), let y,(t) = Ae* this
time. Then, y,(t) = 24e* and y))(t) = 44e*. Hence, y" +y = 84¢e*,s0 A = 1.

Now, we have a particular solution for the equation : €?* + ¢ sin 2t. Now, a general solution
will be

Answer. y(t) = e?' 4 tsin 2t + ¢ cos 2t + co sin 2t
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1. Solve the initial value problem

Y +3y +2y=—eH y(0)=2, ¢ (0)=-2.

First of all, let’s find a particular solution.

— The auxiliary equation : r? 4+ 3r +2=0or (r + 1)(r +2) = 0.

— —2 that appears at —2t in —e~2! becomes a solution to the auxiliary equation.

— So, let's try Ate=%, not just Ae 2.

Let y,(t) = Ate?, then y,(t) = A(1 — 2t)e " and ¢ (t) = A(—4 + 4t)e . So, y)(t) +
3yp,(t) + 2yp(t) = —Ae™". Hence, A = 1. Now, a general solution to the differential equation
(if we assume that our answer does not necessarily satisfy the initial condition) will be

y(t) = te 2t 4 cre™ M 4 cpe .

Now, using the initial values given, let’s solve for ¢; and ca.

— y(0) = ¢1 + c2 which is supposed to be 2.
— Since y/(t) = (1 — 2t)e % — cre™t — 2c9e 2, 9/ (0) = 1 — ¢1 — 2¢ and it should be —2.

— Solving those two linear equations, we get ¢; = 1 and ¢ = 1.
Answer. y(t) = et +e 2t te P (ore ! 4 (t + 1)e 2)

2. Find a general solution to the following differential equation.

d2
Eg —|—y:2et — 2sint

— The auxiliary equationis7? +1 = 0or (r +i)(r — i) = 0.
— sintis (e — e~) and i and —i are solutions for the auxiliary equation.
— We try Atcost + Btsint for —2sint part.

Let’s first do —2sint part. Our guess is y,(t) = At cost + Btsint. Then,

y,(t) = Acost + Bsint — Atsint + Bt cost
and y,(t) = —Asint + Bcost — Asint + Bcost — At cost — Btsint. So, y" +y = —2Asint +
2Bcostand we get A=1, B = 0. So, y,(t) = t cost works for —2sint on the RHS.

For 2¢?, since 1 is not a root for 72 + 1 = 0 (note that it is "+" not "—"), let y,(¢) = Ae’ this
time. Then, y,,(t) = Ae’ and y,)(t) = Ae'. Hence, 3’ +y = 24e’, s0 A = 1.

Now, we have a particular solution for the equation : e’ + t cost. Now, a general solution
will be

Answer. y(t) = €' +tcost + cjcost + cosint



