Multivariable Calculus Math 53, Discussion Section Jan 31, 2014

SOLUTION 1

1. Find dy/dx and d?y/dz?. For which values of ¢ is the curve concave upward?

(a) © =cos2t, y =sin2t
Solution. First,

dx . dy
7t sin 2t, 7t cos 2t
Using the formula
dy/dt
dy/dx = =—— 1
y/dv dx/dt’ (1)

we get dy/dx = —‘;?{fgﬁ = — cot 2t.

The meaning of d?y/dx? is

d?y _ d(dy/dz)

dx? dx

Since we know what dy/dx is in terms of ¢, we can apply the above formula (1) again.

d(dy/dz)  d(dy/dx)/dt .

dx dx/dt
Finally, d*y/dx? = E;S:liéi = —csc®2t. When csc2t < 0, d?y/dx? > 0 holds (or equivalently, the curve is
concave upward). It is equivalent to sin 2t < 0, or 2¢t = 2nw + 6’ where 7 < 6’ < 27.
dy/dr = —cot2t (= —<=2t)
Answer. sin 2t
d*y/da® = —csc®2(=— iy

The curve is concave upward for ¢ = nmw + 6
where n is an integer and § < 6 < 7.

(b) @ =,y =2

Solution. Similar to 1.(a), calculate dz/dt and dy/dt first and then use the formula (1).

dz 2 dy dy 3 _.
7 — 9tel = 3e3tt+2 29 2 ot 3t42
dt T R T
Next, we get
d(dy/dx) 3 i34, 3 e 322 —3t+1) _p
S Y e 2 (=9t +3t+2 t24+3t42
dt 212¢ o (F2 A e 22 ¢
@ _ 3(2t2 — 3t + 1) €—2t2+3t+2
dz? 4¢3

Since t* > 0 and e~2" 342 > 0, we can conclude that d2y/da? > 0 if and only if —(2t2 — 3t + 1)t > 0. It is
equivalent to t(2¢ — 1)(t — 1) < 0.

P 2
dyfde = Gere
Answer. 9 2t3(2t273t+1) —2t?4+3t+2
dy/dz® = —T=gg——e

The curve is concave upward when ¢ < 0 or % <t<l1.
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2. Find the area enclosed by the curve z = t3 — 5t% + 6t, y = v/t and y-axis.

Solution. We need to calculate two integrations ; one for 0 < ¢ < 2, the other for 2 < ¢ < 3. And then, take their
absolute values (to make them positive) and add those two positive numbers. The result would be the area enclosed
by the curve defined and y-axis.

Here, the value 2 and 3 comes from the equation x = t3 — 5t2 + 6t = 0. There are three roots for that equation,
t=0,t=2,t=3. t=0 represents for (0,0), ¢ = 2 represents for the middle point on y-axis in the figure below,
and t = 3 represents for the highest point on y-axis.

2 2 2
6 8
/ y(t)x' (t)dt = / V(312 — 10t + 6)dt = / (3t°/2 — 10632 4 6t'/2)dt = ?27/2 — 4224 4.23% = —?\/5.
0 0 0

Hence, we know that the area of the below is % 2.

3 3
/ y(t)a' (t)dt = <6t7/2 — 41572 +4t3/2> _Sare yigin g g3 (,§\/§) - SySaso
9 7 5 7 7 7 7
Hence, the area of the upper side area is %\[ — g\/g Therefore, the total area is 1—76 — g 3.
Answer. 18/2 — 8./3

7 7
3. Find the exact length of the curve,

r=tsin2t, y=tcos2t, 0<t<1.

Solution. This is similar to the problem we’ve done in class. We can calculate

d d de\?  (dy\?
—x:sin2t+2tc052t, d—?zcos?t—Qtsith, \/( x) +(y) =42 + 1.

dt dt dt

Now, we need to calculate

1
/ \4t2 + 1dt.
0

You may compute this using trigonometric substitution, but I shall compute using 2t = “—=— substitution. For
5 =0, t becomes 0. For t to be 1, e* —e™* = 4, that is, (¢*)%2 —4(e°) =1 =0. So, e* =2++/5 > 0 and s = In(2++/5).
Now the integration we need to compute changes to

In(24+v5) _s —s s —s . S -s
/ € *’2@ £ +4€ ds. (Note that dt = d(£=£—")/ds = %)
0

Calculating that, we get

In(2+V5)

1 [In@+VE) 1 /1 1
g/o (€ 42+ e *)ds = 3 (2628 +2s — 26_2S>

0

So, the exact length of the curve is 1 ($(2+v5)? 4+ 2In(2+ v5) — 1(V5 —2)?) = @ + 1 In(2 4+ V5).

Answer. % + 1In(2+ V5)
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Letter grade for Quiz 1

19.0 < AT

175 < A0 <185

16.0 < A= <175

15.0 < BT <16.0

13.5 < B0 < 15.0

125 < B~ <135
Ct <125



