Math 126 Midterm Exam Spring 2020

Name: <&_QL b DW}% G}ﬁb Student ID #:
This exam has 10 pages 4 questlons and a total of 100 points.

1. Assume u : R?> — R is C2.
(a) (10 points) Solve

u(z,0)=e¢*, z€R

Uy = Uy, for x € R and t > 0 where
u(z,0) =0, x€R.

#(x)= e
Voo = O
Bll ol 'Alemberts Jormula ot

u(x,t) =%¢(X*ﬂ*-§¢(x-ﬂ +fodq

' e."t ' e.“‘t x-t
- ¢ =
e e

7cor XER, ¢>0.

(b) (10 points) Solve

u(0,t) =0, t>0
Ut = Ugg, for z>0and ¢ >0 u(z,0)=e*, x>0

é(x)= ™ wlz.0)=0, x>0,
Voo = O
B‘I ol ‘Alembert's formula X+t
U (x,t) =iP(xit)- %¢(t'X)*/odq

t-X
-4 Xt , -t
T < e - < e For x €(o,t)

and X+t
u(lx,t) = ¢(x#t)*-¢¢(&-t) +fodq

| cX-t , -Xe¢t x-t
2 € *J6€ For x e(t, ).

Nl-



(c) (15 points) Suppose u : R*? — R is C?. Find the general solution of
Upt + Uyt — 12Uz = 0
and show it satisfies the PDE.
Here

x{ui s Quu +3t“u -lzanu
ond by Clairaut’s Thm,
= auu +4d u- 33”0;- llanu
= (3,+43)(3,-33)u =0
Then
(atw a“)u =0 or (3;—33):; =0

aQre tran:port eguations where

£ (x-4¢) ond 3(x+3t)
form the general Jolution
Thus
Ul = f(x-w) +9 (x+3¢)
s the general solution where f,y eCE(R)

/Vote :

Uee | 767 (x+4e1+99"(x-30)
+Uxe 44 (xt4e) + 39"(:-3¢)
<120 o x |-127 “(xt4e) - 12 9" (x-3¢)
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2. Consider the equation
(y+u)us +yuy = —y

where u : R? — R is C.
(a) (10 points) Given the initial data

u(z,l)=1+uz

find the characteristics.

Our system of ODEs is
Xt=‘1*“ X(s,0)=3s
Yt= 4 4 G =i
Ug= Xq uls0)=l+s

Now

Xgg = Vgt s y+xX-g = x

and seo =
X(s,T) = als)e'+ besre b

=)
X(s,0)s a+b=3s

Xe(5:0)= (5,00 u(s,0) | From the system
S 2+
S0-=b, From the general soln
S asl+s , b= -l

=) X(s,TV= (I¢s)e®- et

cht,
Ye=49 = yT)= et
and our characteristic curves ore

x= (1+5)e°- -é—;

= (esdy =Y
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(b) (10 points) Given the initial data
u(z,l)=1+ux

find the explicit solution for u or explain why none can exist.

/:fo»t 0‘00@,

Ug = Set-e T uls,t)= seSee T

So/w‘n 9 /of Sand T qicld:

- - oo Xe ¥ _

- ('fS)‘{’ 'Iq S) §s __%_L -(= X/l'-l' Z'g-l
and

Y= ()
Hence
'
ulxoq‘= (X/".'. '4'&" )" + /7

= X-¢y+2&
Y g

(c) (5 points) Give an example of a connected curve C' in R? such that the PDE with pre-
scribed data on that curve cannot be solved.

Choo:e C to be a characten‘:tic, let s= (s)
f,9) | x= (1+0) ¢ - '/q?

or a curve that never intersects a cbaracteristic.
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3. (20 points) Show that for

to be a nonconstant solution of
ur + a(u)u, =0

then f must be the inverse function of a.

icléfk - % i~ U&= -ﬁ(%) ™o Abe e%ua«’%w and we Choin Rbe aﬁ’“’?ﬁ‘*(e\%
U= 2t@))= 243 G R,
g 8 = F@@)=-2 4O ()
~EE(E) ~olf(®) £F@) -0
\)\')Q QN yeuvike -u/\'ls oS
~(% —olf¥))-44(@)-0
. Yoe gre o @ —‘@((’—@:’O R afA)=% Tiew Dk
—@vm@—mﬁwm),ws ULt [ e on e S Qoﬂmg & =M dew

K& o Lupde mombar.  Nowo, Hor oy NER, e duld ‘e

£W=c R alfW)=A.
(BU& Y %&!‘U TQ Ye (ﬁwc[«dc 4 Awo oo /ﬁw\c;('!ms & O, e
one e%’e\'GV\S\WQA\a&—LL&CENO‘@N\&B\/\

Tn s polem, oo Rucdes 3 FOY b aB)-A B, e oo dhd
K 3 ek omstank dade Twﬁm Mol £ © wok CW{MQ% 0. Vene O@(m’/\io.

Tocbe, £ & Ho wose faockn £ a
S T s vesesan do ek Ml o@Dk B o0 &R
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4. In lecture we proved the following:

Theorem: Suppose that u; and uy solve the IVP uy = c?u,, with displacement functions ¢,
and ¢o and velocity functions ¢ and 1, respectively.

Then
[¢1 — P2lloe <€ and  ||th1 — Palec < €= [Jur — uglo < (1 +1t)e

for ¢ > 0.
(a) (5 points) State a similar result for the PDE

Ut = 02u$m + f(l'7t)

Theorem (Continuous Dependence on Data)
Suppose that u; and uy solve the IVP

Uy = CUgy + f(,1)

with displacement functions ¢; and ¢, velocity functions v, and
Yo, and forcing terms f; and f5 respectively.

If
||¢1 — ¢2||oo, ||¢1 — %Hoo, and ||f1 — f2||oo

are bounded by € then

t2
||’U,1 — Ug”oo < (1 + 1+ 5) €
for ¢ > 0. T—*—(\(\l& s Sk veb =
“eQ— aou\ dd wot Meke a Wshle on mﬁ‘@%’”

Hre Duhormel  sktan.
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(b) (15 points) Prove your result for (a) for ¢ = 1.

To e Dllamdl  slokon and il )cmnl Le {dlyone ugley modinam velugs .
0,00 = S[8ma +afe LUy L[5 1D ok

1~ k- s)g

& e sdokmn B endn equalton (1=12)
By Sdocdep Us o U e ek

W28 - O la = %[‘@(ﬁc& HIS(X-CQ] — ’(‘Yﬂiﬂ ) +q§L('L—Q&31
£ Jnee WOy — £ (0 iy
{'S‘s: gb KMQ& -S) 2a.9)dyds Lq& 9L4<c(!<57 (a3

21— C&—=) f)L NCS 5)

force, (WD ~U,a0 £ & (e -Boen+ § (o) -B0-)|
(

e T e -unldy <2 B 10 boa-tesldus

A~C&-S)

%mww%ﬁ@%@(@m@gw& s m(eémﬁmem &W@k g:i
P&aﬁ%@ e Qle%v\"kjcidvx oo = g‘f ’

5| - féwo\ z\w c@um <ie
kaﬁ@ ~C) ~ b (1 - dr\ —2Lk &~ < Le
S e eoldy < & 1 \W« fdy < & ook

and ’lemﬂ%/ (vxkéragc(v&.
C S L& { T \
= e e -2 akts e L (25 el /&W*‘m«g@w

( {pTACL-S)
< g g dgds

/ '
-k —53 -k 2z etk

= E&\: 2068 dR = §Q1c7—8= +EE .
ao-upol< 8448 + $€8 = (KR be oy 2R
Theefre , Ut = 28 (wao-tael < (W §)e.
5 To acd de oo & glip £ ncted 4 <, st to e 0 bonds
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