
Homework 7 - Spring 2020 MATH 126-001 - Introduction to PDEs

1. Let U ⇢ C be an open domain and f : U ! C.

Suppose that

f(x+ iy) = u(x, y) + iv(x, y) and f(x+ iy) = u(x, y)� iv(x, y)

are holomorphic on U .

Find f .

2. Let

u(x, y) =
x

2
� 6x2

+ 4y � 6x2y + 6y2 + 2y3.

(a) Find all harmonic conjugates of u.

(b) If z = a + ib 2 C then the real and imaginary components of z are

defined by

Re(z) = a and Im(z) = b.

Find a function f : C ! C in terms of z 2 C such that

Re(f) = u.

(c) Find the largest domain in C that the function f from (b) is holomorphic

on.

3. (a) Find I

|z�3|=2

e�z2

z3 � 9z2 + 11z + 21
dz.

(b) Find I

|z�1|=2

sin(z)

z2 � 4
dz.

4. Suppose the function f : C ! C is holomorphic on

A = {z 2 C | 2  |z|  3}.

Furthermore,

|f(z)|  16 on |z| = 2 and |f(z)|  36 on |z| = 3.

Show that

|f(z)|  4|z|2

on A.
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5. This problem outlines a “bar room” / informal proof of Cauchy’s Integral

Formula.

Assume U is a simply connected domain. Let f be holomorphic on @U and

inside U and suppose z0 2 U . We know

I

@U

f(z)

z � z0
dz =

I

Cr

f(z)

z � z0
dz

where C is a circle centered at z0 with radius r.

(a) Express z = z0 + reit where r is given by C and t 2 [0, 2⇡] and rewrite

the above integral in polar form.

(b) From (a) let r ! 0 in the integrand. Then integrate and find

I

@⌦

f(z)

z � z0
dz.

(c) What lacked rigor with what you did in part (5b)?

6. Find all radially symmetric solutions of

uxx + uyy + uzz = k2u.

7. Find all radially symmetric solutions of

uxx + uyy = k2u.

8. Determine if the maximum principle for harmonic functions applies to the

function

u(x, y) =
1� x2 � y2

1� 2x+ x2 + y2

over the disk

D = {x 2 R
2 | |x|  1}.

9. Solve

uxx + uyy = 0

on the set

D = {x 2 R
2 | |x|  1}

where

u = 1 + 3 sin ✓ on @D.

(Here ✓ denotes the polar angle on the boundary of D)
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Homework 7 Solution DongGyu Lan
1. Idea : Use Cauchy - Riemann equations to check holomorphic-Hy .

f- Ts holomorphic ⇒ Ux - Vy & Uy= - Uk on U
.

F is holomorphic ⇒ Ux = C-Hy & Uy= - fuk = Va
Hence

,
Uy = Ua = -Vy ⇒ Vy⇒ ,

Ua=o . Similarly , Uy⇒ ,
YEO

.

Therefore
,
UCH'd) and UH , y) should be constant

.

In particular, f=c for some
C C-Q .

2. Idea : Harmonie conjugate is the imaginary partof the holomorphic function hairy u as the
real part .

(a) By the Cauchy - Riemann equations, we have V (the harmonic ay
-yale of u)

satisfy Vy= Ux= It - 12K - 12kg & Va= -Uy= -4+6×2-122 - 62?
Therefore

,
VEAL) = IY - Kay - Gay- + FCK) and flak -4+622

,
so

we get rocky) = EL - 122cg - 62414kt 224C ,
but we want Naoko

.

Hence
,

⇐O
.

(b) ffktiy) = WHY) t ivory)
= E - 6244y - Gay t6y42y't iffy -Kay-Gaye 424220)

(Cetig)' = R't Grey i - Gaye- yrs . i]x2i
[cxtiy)2= Atsugi - ya] x -G
[Cutis)

'
= Atif] x# - ai)

Therefore , FCZI = 2iZ3 - 62-2 +⇐ -ki)Z .

(c) FEE) is a polynomial of Z .
so it is defined all over Q and holomorphic

everywhere .

The largest domain is Q
.

3. Idea : Use Cauchy's Integral formula after checking that the integrand is holomorphic .
(a) Cauchy's integral formula tells us that if fat is holomorphic an U , then

§p zfiadt = ITi. fca) for any AED where D is a closed disk in U .
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DongGyu 4Th
We can easily see that E- 97442-+21 = (Z -3)(72-62--7)=(2--3)(Z -7)Atl)

.

Let fat ⇐fiIz .
As EE, ¥ ,

¥7 are holomorphic
outside 2-=- l & 7=7 , we can choose U= IZEQ : (Z-31539
over which f Ts holomorphic . Let D= f ZEE : LZ-3154 .

Then
,
we can

apply Cauchy's Tutegal formula :

§⇒⇐zzfdZ=2Ti - FG) →
z

g e

forests ⇐q⇐iii
"
Edi .

= - get - ti
.

(b) Similarly
,

let fat EFFI and 6=3Zee : Iz - IK39 and
D= }ZEE : (Z- if E2f

.

Then
,
as -2=2 belongs toD ,

we have the

following formula :
Az
. "⇒EFdz

= Iz
- a⇒
¥dZ=2Ii - fkt-z-STnk.ci .

4. Idea : Use the maximum modulus principle after checking the assumptions .
The maximum modulus principle can be applied to

f FE which is holomorphic
Tn the connected open subset I ZEQ : 2CHIC39

.

The conditions given are
(fGYz4E4 for CZKZ & I fCZYz4E 4 for lZf3 . This implies that
on the boundary of the open subset , the absolute value is bounded above by 4.
By the maximum modulus principle . HGHEI S4 on the open subset. It is equivalent
to saying that (fell C- 412-4 inside & on the boundary .

S Maximum modulus principle is a holomorphic function version of the maximum
principle for a harmonic function

.
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DongGyu him
5. Idea : follow the instruction .

(a) for z.tt#dz--foKrt.aeiIIei9r.ieitdt(dz=dCZgIr-eitIdt=r. i.eitdt
= IF fczotr - eittidt

(b) Only thing affected by the change of r is fczotr. ett) .
As r goes to o

,
tf goes to fczo) .

The integral does not depend on
r and as f is continuous

,

far ¥¥dt=£E¥dz=¥n§az¥dz
= E' feed . idt

= ffzo) - i . ff' l dt-ZTi.kz
.

(c) In the proof of post b, we used the fact that
Lim f = f e-cm .

In orderto have a concrete proof , we need to check under our assumption
tf the above

"commutativity" holds .

G. Idea : Use the spherical coordinate Laplacian .

In spherical coordinates , the Laplacian can be written as Taaffe ft) t otherterms
where the "other terms" are partial derivatives w -

rt the angles .
However

,
we are

looking for the solutions which are radically symmetric . So , the equation can be
written as ¥ .fr?ur)r--k2.U

11

Arrt f-Ur .
However

,
in fact

,

the left hand side can be written as I rn.
Therefore,

the equation now becomes tr Cra)rr= KU and Che)rr= k? me . We already
know that f"- kF=0 has the soft-core feat C,etat G.e-

kk
.

i
. rucrkaekkaeh?

we get was = a . Eta . E
.

4 Changing Urrt Far into thrum is crucial but a little bit tricky .

-
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DongGyu Gm
7. Idea : Use the spherical coordinate Laplacian .

As the equation is 2-dance setup , we have Uaxtllyg= tert 'tUr given
that U is radially symmetric . So , the equation now becomes :

Urrt #Ur= late .

In other words
,
HU" ttu'- k?Mt O

.
However

,

this looks similar to

the Bessel's equation .

We can try to change the coordinates to make this be
the Bessel's equation .

Let c be a scalar and VCH = Ukr)
. Then

,

V'Ch = Cukor) and rich = E.U''GD
.
If weplug in or to

the original equation , we get CHU"GH t Craker) - kokucat -O .

it"v"Cr) r "rich - k¥4- vcrs .

c-The BesselS equation has the coefficient of this be +r2
,
so we can guess

that E- - It or c- ht
.

Then VCH becomes a solution of the Bessel's

equator of order 0 .

i UCH = UC E) = U(kiD= C ,Jo (kir) tGY(kid
where To : the solution of thefirst kind

.

Yo c that of the second kind .

8. Idea .. Express the numerator and the denominator in terms of Faery and

E= key .

The denominator Ts (Z-HEH-HCZFKCZ- 1)CE - l) and the numerator is 1-HE 1-ZE.
One way to prove that he is harmonic Ts to find a holomorphic function FCZ) which satisfies

FCZ) t FEET-26 . From the above observation , we have a guess fczk zit . In this case,
ZTE-2

we get fat tfcZT-cz-ncz-T.be how observe that the numerator and

the denominator can be "assembled" to generate what we are looking for . A careful
consideration suggests fat =¥ - I = IE .

It is holomorphic on Hee . tzkll
.

Therefore
, u = Re CAH) is harmonic on Icky)EIR? 254541=6 . Now ,

we can apply the maximum principle if u is continuous along the boundary K¥24 .

However, along the boundary .

the denominator is I-2kt1=24-X) becomes 0 at A- I .
So

,
it is not just discontinuous ,

but it is not defined
.
So

, you cannot obtain the maximum .
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DongGyu him
9. Idea : Laplace's equation on spherical domain ( f.4.2 in Shearer & Levy)

Using Separation of Variables Uche) = Rcr) HQ)
,
we have the candidate force

as follows : Ucr, = # t II r" - ( AnosnotBustin) where An and Bu are

¥ - fEff) Gsnodo and ¥ folk foe)Sinhado for the boundary condition G-f- on 3D
.

Ho=# £" Gt 35ha) . Gso do =# folk 35in)do = ¥ - 2K=2
.

An= taff" Gt3Sino) -Cosmo do = ¥fo2a@shOt3STuo-GshoJdQ-oto-0.B
u
= ¥ [" Gt3SHO) - sinned =¥fEYsTnhot351ha - Sarno)do = 0£20ot¥EasTn8doE¥,
ff" 5h20do = JEWEL do = I -2K

.

So
, BFZE.TL =3 .

I
.
Ucr, O)= It r - 3 . STnO= It 3r5mO .

S H3rsTn0 is simply 1+38 in the standard coordinate
.
Its Laplacian is

zero as both parted tentative vanish .
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