Homework 7 - Spring 2020 MATH 126-001 - Introduction to PDEs

1. Let U C C be an open domain and f : U — C.
Suppose that

flz +iy) = u(z,y) +iv(z,y) and f(z +iy) = u(z,y) —iv(z,y)

are holomorphic on U.

Find f.

2. Let

x
u(z,y) = 7 62° + 4y — 62y + 6y° + 2y°.

(a) Find all harmonic conjugates of w.

(b) If z = a + ib € C then the real and imaginary components of z are
defined by
Re(z) =a and Im(z)=>0.

Find a function f : C — C in terms of z € C such that

Re(f) = u.
(¢) Find the largest domain in C that the function f from (b) is holomorphic
on.
3. (a) Find
_2?
j{ ¢ dz
|z—3|=2 23 — 92’2 + 11z + 21
(b) Find

§oome
lz—1|=2 —4

4. Suppose the function f : C — C is holomorphic on

A={reC|2< |z <3}

Furthermore,
|f(2)] <16 on |z| =2 and |f(z)| <36 on |z| = 3.
Show that
|f(2)] < 4]
on A.



5. This problem outlines a “bar room” / informal proof of Cauchy’s Integral
Formula.

Assume U is a simply connected domain. Let f be holomorphic on 90U and
inside U and suppose zg € U. We know

—(Z) dz = —(Z) dz
oU % — %0 C, # TR0

where C' is a circle centered at zy with radius r.

(a) Express z = 29 + re' where r is given by C' and ¢ € [0,27] and rewrite
the above integral in polar form.
(b) From (a) let r — 0 in the integrand. Then integrate and find
f(2)

a0 < — %0

dz.

(c) What lacked rigor with what you did in part (5b)?
6. Find all radially symmetric solutions of

2
Upg + Uyy + Uz = Kk U.

7. Find all radially symmetric solutions of

2
Ugg + Uyy = k7.

8. Determine if the maximum principle for harmonic functions applies to the
function
1— ZL’Q _ y2

1 —2x + 22 4 y?

u(r,y) =

over the disk
D:{xERQHX\gl}.

9. Solve
Ugg + Uyy =0
on the set
D:{xER2|\x|§1}
where

u=1+3sinf on dD.
(Here 6 denotes the polar angle on the boundary of D)
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