
Homework 6 - Spring 2020 MATH 126-001 - Introduction to PDEs

1. Let E ✓ R and define a sequence of functions fn : E ! R. Prove that fn ! f
uniformly on E if and only if

kfn � fk1 ! 0

as n ! 1.

2. Let
fn(x) = x2e�nx

be a sequence of functions.

(a) Does the sequence (fn) converge pointwise on [0,1)? Prove your claim.

(b) Does the sequence (fn) converge uniformly on [0,1)? Prove your claim.

3. Let

fn(x) =
1

1 + n2x2

form a sequence of functions on |x| < 1.

(a) Show
lim
n!1

lim
x!0

fn(x) 6= lim
x!0

lim
n!1

fn(x).

(b) Why does the sequence not converge uniformly on |x| < 1?

4. Use a trigonometric series expansion of x on [�⇡, ⇡] to find the value of

1X

n=0

1

(2n+ 1)2
.

5. Let Tn be a trigonometric polynomial on [�⇡, ⇡] of degree n. Find

kTnk2.

6. Let f be a 2⇡-periodic, continuous function where

X
|ak| and

X
|bk|

both converge. Show the Fourier series of f converges absolutely and uniformly
to f .

7. Let f : R ! R where for any ✏ > 0 there is a trigonometric polynomial T such
that

|f(x)� T (x)| < ✏

for all x 2 R.
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(a) Show f is the uniform limit of trigonometric polynomials.

(b) Show f is 2⇡-periodic and continuous.

8. Solve the initial boundary value problem

ut = 4uxx, 0 < x < ⇡, t > 0,

u(0, t) = 0 = u(⇡, t), t > 0,

u(x, 0) = sin x� 3 sin 5x, 0 < x < ⇡.

9. Solve the initial boundary value problem

utt = 9uxx, 0 < x < 1, t > 0,

u(0, t) = 0 = u(1, t), t > 0,

u(x, 0) = 2 sin(⇡x) + 7 sin(3⇡x), 0 < x < 1,

ut(x, 0) = 2 sin(⇡x), 0 < x < 1.
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Homework 6 Solution DongGyu Lan
1. Idea : H' Has the infinite norm is the most powerful .

So
,
one of

''

if and only if
" should be easy .

Suppose that th- fth→ o as mis . This means that f¥¥ that - foul -so as n-soo
.

So
,

"
E>o Fu EIN St . ttnzu SEEHulk) -ANKE .

But SEE Hackl - foul Z thou - fall

for all KEE
.

In particular , this means fu → f uniformly .

The reverse direction .

. Suppose fu-A uniformly
,

then V-E>o
,

7-NEW at ten>N ,

Hulk) - FCK) ICE for any X .

However
,
Tf SENSE for all KEE , this implies

that 9k¥84) EE In general) .

If we consider g- fu -f in this situation .

LEE ( feat - full ( EE .
Therefore

,
the>o

,

7-
NEIN et th> N

.
Hfn- f-HEE so

that Kfa - Alas-so as n-soo
.

2. Idea : Just check followers the defections of convergence .

(a) Fix KE Cao)
.

fu = e?
.

If 2=0, this is zero
.

However
, Tf a> 0, then

en" grows (literally) exponentially ,
so the denominator well go to as so that Fenno

.

Therefore
, fuck) converges pointwise on Cocos) .

(b) Using Problem 1 ,
we can check if it converges uniformly by considering

Hfn- f-Hos
.

If the sequence converges uniformly , then f- should be the zero function

by part a . Now ,
what is Ith - ok ? It is the supremum of I ¥4 over for)

.

What we need to do now is to ampule a maximum of feat N? e
-n"

.

fix)= 2K - e
-n"
- me. e-n" = x.e-

"' ( z- na) . fn(F) = ⇐5- e'= nt - €7?

film is positive for a C- Coin ) and negative for KE CF . -)
. Therefore

,

Hfn - f-Has = €12 . n't and it goes to zero . Finally
,
by Problem 1 , they uniformly

converge to 0 .

3. Idea: Just do it !

(a) fatal is continuous ⇒ fEFofnlH=fu(OKI
.
So

, the left hand side Ts

As n→o .
NHI as unless 2=0

.
Hence

,
LI,zfnlN=o Tf k¥0?The knit a-20

Is taken outside of 2=0
,
so the right hand side is 0 .

I # O
.
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DongGyu him
(b) If the sequence converges uniformly on 17451 , the function f to which fu converges

should be continuous
. ( fn→f uniformly on [a.b]

,
then f is continuous

.
Note that [a.b] 's

closedness does not really matter because we can choose C- I ,I] Tn this problem instead of C- 1,1) .)
So

, FCK) should be continuous
. Especially at 2=0 .

However
, f-(O) = ¥sfn④=n¥ffIyofnM

and ¥1 fact = ¥5 fuk) and we checked in part a that they aredifferent . So
,
it

is a contradiction and the sequence does not converge uniformly .

4. Idea: Notting that fall = K on C-Th TD is an odd function
,
we know that the Fourier

sane series should be the same as theFourier series
, but the Fourier Coste series is different

.

So
, we should try two trigonometric series

.

It turns out that the Fourier series is not working . It does not have terms w/ n?

So
,
we take the formula for the Fourier cosine series ,

or equivalently consider the Fourier series

g.a
f

on Egg
of the even function on Cat

.

An= ¥ fencesna da = ¥ fo
"

Koos NK da
z Suv's UV- fu' v

.

do-Ef"x da = ¥ ( x . Simnel! - joy . sinnedx)
=¥Ex4E⇒c .

= E -⇐ . I - o - i . Enif )
=L#( C- IT- 1) = -4nF if n is odd and O o

-

w
.

The TL

Hence
,
the Fourier cosine expansion of fcxkx defined over Cat is Izt¥⇐ Intent . GSGMTDK

.

As folk f-1 mon {I¥} is 2K- periodic and continuous
,

we can compare the values at x⇒

of theFourier series and ha)
.

⇒ II-TIE
, czmt÷=O .

'

.

I 1-= It
m=o (2MtD2 f o

5. Idea : H - lls=L -

.
D and we know that osnx

,
stunk are all orthogonal to eachother.

Let Tn = A t amosmkt bmsinmoc
. Then

,

Hallett ,
Tn> = (A.A> t Lamosmaiamosmx)

+ Lbmsinma ,
bmsinmD)

"

Ethics is PythagoreanTheorem) .
Howww.Tosmx?osmxS--ftiOs2mxdx

= II tosmdx = t- fitment = TL
. Similarly ,

sstnmxsinmx> =t . But
, Li , D= idea

.

-

'

. HTntk-zxftx.ME#amtbm7=FIkAftTcam4bmTm2
.
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DongGyu Gm
G. Idea: Apply the theorems you

learned appropriately .

We are going to use theorems from the lecture role
.

1) Weierstraf M-test tells us that Zoot ⇐auosnxt bnsinnk = : GCN converges

uniformly and absolutely on Ekiti b/c ( ancestral a 2 - lanl and ElanIt#but

IbnsthnklCZ- Ital Soo
.

2) For the function gem we obtained Tn D
,
by applyingTheorem 7, we get ffkfgcx)

for KEEFE] . So
, they are exactly the same function . Going back to 1)

,

we can

conclude that the Fourier series of f converges absolutely and uniformly to g which is f .

7. Idea : Define a sequence of trigonometric polynomials Tn by considering E- nt .

(a) for E- I>o , say Tn is a trigonometric polynomial such that HCN -Tn#E for all KEIR
.

So
,

HTn- fl# IT
.

This implies that V-E>o
,

7- NEIN (for example , N can be a natural number larger

than et) St V-nZN.HTn-ffks.GE . Therefore by Problem 1 , Tn→ f uniformly .
(b) We want to prove

that fuk flat2K) for all KEIR
.

We know that Tula) converges to fca) and Tu es 2x- periodic . Therefore
, full -_n¥sTn(K)

= LIETn(Kkk) = fate)
.

(Osh pmef.IE and so is their sum)

Continuity follows from the fact that uniform convergence preserves continuity & Stu .GS 's are anti
.

f. Idea : Apply the method from the book .

Refer to Chapter 6.2 Example 1 of Shearer& Ley .

If we let Utxitfv 'WH)
,
then there is

an eigenvalue d St
. V

' 't do = o and n' take 0. Under the boundary condition ,
we get

NG)=uLT4=o .
Therefore

, Vnfk) = Sin na and run#= e
- 4Mt

.

Now , we can consider ⇐,CnSThnK - e
-"⇐

as a candidate
.

This satisfies the first two rows
.

for the third part f- Tutted condition) , we can plug in to ⇒ CF l
and G- =-3 . Cm=o o . w.

.

.

. Ufkit) = e
-4tsThk - 3 e- '"t. STn5K

.
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9. Idea : Same as Problems except that it is the wave equation not the heat equation .

Refer to Claim 6.3 in Chapter 6.2 of Shearer &Ley .

We know that the solution is Canas ttbns.tn#)sThhE-kusTy Separation of Variables .
Here

,
an-_E%k%in¥dK and bn= NET flatcar) -5M¥"dk

.

In this problem , C=3,

,
f-I

,
UH,

O) = 251haat 7- STHSTLK
,
and Utc740)= 2SHIK

.

So
,
Au= 2 fo

"

(25Mtat 7sTh3TLk) - STHNTLK DX
.

However
,

folsthmtlksinntlkdk =/!# (Gsk-Mak)
-Gsccmthtkkl]dx = O Tf Mtn because fo

'

Gsktkdx- O for any k¥0 ,

k€2
.

If m=h
,
then

we get I . c

'

- A
,
= 2

,
as- 7

,

and Auto o
-
W

.

Similarly , bn=zn€f ! 25MW - STMTkdK= 3¥ tf na and O o.co .

Therefore U(Kit) = (2655ft t¥STn3⇒ -STNTLK t 7.059kt - STh5kK .
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