
Homework 5 - Spring 2020 MATH 126-001 - Introduction to PDEs

1. Derive the 2D heat equation

ut = k(uxx + uyy) = k�u

over a domain ⌦ 2 R
2 by invoking the Divergence Theorem. Let f be the

heat flux over @⌦ and assume Fourier’s Law, that heat flows in the direction
of steepest descent.

2. Let
h(x) = xe

�x2
.

Use the definition of the convolution operator to find

(h ⇤ h)(x).

3. Let f, g 2 L
1 prove

supp(f ⇤ g) ⇢ supp(f) + supp(g)

where
supp(f) + supp(g) = {x+ y | x 2 supp(f), y 2 supp(g)}.

4. Write the solution of the Cauchy problem for the heat equation

ut = kuxx, �1 < x < 1, t > 0,

with initial condition u(x, 0) = 1
2(H(x + 1) � H(1 � x)) in terms of the error

function

Erf(x) =
2p
⇡

Z x

0

e
�y2

dy.

5. Solve the heat equation where

u(x, 0) =

(
0, x < 0

10� x, x � 0

and express your solution in terms of the error function from problem (4).

6. Consider the Cauchy problem from (4), with initial condition u(x, 0) = x
2.

(a) Show that if u(x, t) is the solution, then v(x, t) = uxxx(x, t) satisfies the
heat equation with v(x, 0) = 0.

(b) Find u(x, t) as an explicit formula.
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7. Formulate and prove a statement regarding conservation of energy for the wave
equation on a bounded domain in Rn:

utt = c
2�u, x 2 U, t > 0,

u(x, 0) = �(x), x 2 U,

ut(x, 0) =  (x), x 2 U,

under homogeneous Dirichlet or Neumann boundary conditions.

8. Use the maximum principle for the heat equation to prove theorem 5.2 from
the textbook.

9. Let u(x, 0)  v(x, 0) for all x 2 [a, b] and assume u and v are solutions to the
homogeneous heat equation. For t0 > 0, show

u(x, t0)  v(x, t0)

for all x 2 [a, b].
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Homework 5 Solution DongGyu Lan
1. Idea : View the change of the heat energy with respect to the time t in two different perspectives .

"£%¥¥÷¥÷÷÷÷÷÷¥÷÷÷÷÷÷.÷÷÷¥÷÷:±÷÷÷÷÷÷÷÷÷::grad-cent of u

should be the sum(= integral) of - Ko
' TU - V

.

On the other hand
,
we can simply take the derivative by t

of the heat energy aD.
The energy is (using heat dynamics) C. f.U where c is the specific heat

and p is the density .

Therefore
,
the change of the energy wth respect to the time well be

¥ ↳ ceuds
.

Now, we get
# By putting this C-I sign. we are measuring thqffoftatd-feftobpss.u.u.ae
- dtffeceuds = - Ko forTUN ds amount escaping, so the signs match.)d- --

- He fu) DS = a ↳ = - Ko for@x. Uy) . (dy. -da)
- He At DS = = - Ko for@ady - Uydx)

= -koJfe@xxtUyDdS.i.ffUt - Kool)dS=O
.

= ffr - Ko - ou ds

However , this should be true fr- any small region ⇒ que - koou ⇒ Ut- KOU for he
.

2
. You can just do it . (The purple color integral computation has been corrected from the original version .)
f-*g ca) = II flu-HSGIdf . Plugging in f- =g=h, we get

y= za + z
h th Cal = f: Cx- y) . et"

-M
. y . e-Tidy OR

a

tyg (x- CHED e-
(""⇒Pfe+⇒ e-At⇒Iz L

Z- - 2- tf ⇒ dz -dy

and -cosy as
⇒ --CZ Coo .

⇐ -z) - et #-⇒4¥ +⇒ e-CE
#Iz

= II e-
⇐+⇒
- zz.ie#t2Z7)dz

= ¥ - e
-¥

. f.IE#dz-e-EfIzZ.e-ZZIZ . you can use fur'=uv -fiu
a- T
JE e

-E dfz E carefully for [ z.ze-ZZ.dz
.

I 452
-zzz

FI OR IF E. e dz
Z .

= afire. e-E - E. e-
¥

= IF#G-⇐He.dz452 2

= FETCH- t ) - e
- ±

.

= Effie#IDK + EFFI.
-

=
E

.Ift 4E
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DongGyu him
3. Idea : Xo# SuppCf) if and only if ⇒

E>o St f vanishes on Bfko , e) : - Ix et la-hotel .
Moreover, Supp Cf) is closed and spptpp9 is also closed

.

- -

Suppose no# SuppHtt supped . As Supp Ift t supply) is closed
,

⇒
e> o St

.
1306,E) n §ppt#ppD- 0.

Now , f*g (x ) = Effi -g)fly)dy
.

Now
,
I claim that if god to ,

then fcx-Sfo for aEBCno.es
.

Why? gt) to implies that ye Suppes) . But if FCK- g) to
,
then aye supptft . Then .

A- Nifty E Supp +support, but KE BUG,E) and 1346
.
E) a ftp.tsppsD-o/ . This is contradiction .

So
,

we have
proven that GG) -_ 0 OR Cf g to ,

then) fca-y)- o for all KE BCao, E) .

Hence
,
fu-Y)god -o for all yEIR so that fig (x) -0 .

Therefore
, ftg Vanishes on Baco,E) .

Applying the fact mentioned above , we get a # sopptfxg). -

i

. soppfftg) Esoppffttsopplg) .

4 There is a shorter proof : if f*g (Kotto , then 1¥26 -THING to .

So
,
for some LoEIR ,

ffko-yo) - glad to so that Xo- yo E Suppf and yo E Supp g and
,
as a result, 76=76-Lotto

belongs to suppftsuppg .

This proves that HEIR: fight #of E Suppf t soppy . Now ,

you can take the closure to get the result ! [Thanks to Weizheng Yue farthts proof .]

4. Idea: Apply the solution BC it) * g where g is the initial condition .

We know that UGH) = LEECH-at) UCLA) dy is the unique solution .

= that ⇐ e- ¥⇐" HGH- Ha-a)dy
.

Note that HGH - Ha-sto fer -
Iia aft ! ¥37 .

.

-
- rated.ie f- ⇒* Sie-

'III. zig
.
]

We will substitute y by -Ztzk in the first integration :
Then

.
IIe

- YEE
. C- ⇒dy=

'

e- Fit
"

.f⇒ . - de = ⇐ e-
'¥¥

. dz
.

Hence
,
from 2ktI to es

,
the two integrations cancel out

.

a : waits-¥⇐ . If,"" e-4I#dy = " Liii e
-Eady

=¢r¥ .IE?iIEEdCrz=-.fiiG!*et-zzz- If4kt 2
45

= #Eff'¥⇒ -Eff;I¥D
.

S HGH is the heavyside function defined in Ch3 Problem 12 of Shearer & Ley .

2



DongGyu him
5

. Just apply Matt II#x-aitlgcssdy .

uol.tk fog rate- ¥e¥ucy ,oily
= to " " (lo -g)dy ( b/c UCY, 01=0 If yco)

We substitute a-y by Z to get something looking like Je- EdZ .

= fifth -

e
- 4¥
Cztio -xldfz) .

= fire - e-5¥ Guo -Hdz .

Here
,
Je-4¥ - z = - 2kt . e- ¥7

,
so the term with z gives JEE -e

- 4k¥
.

The remaining term is simply - f.IE#tdZ and if we substitute E-Tht - s

the integration part becomes Nkt . Life-eds = JEFE.Erf + EE) o Nde that

from o P from -
'
as E.Erffsth=/ !the-5dgCombining all of them ,

we get to 7¥ too
.

Katt f¥ e- 4¥
'

t Erf + of" .

6. Idea : Claimant 's theorem for part a . Part b ⇒
"

fax -_ o means flak K- get that
.

"

(a) U satisfies Ut = kllxx
.

For V : = Unna , Vt = Uaxxt = Utxxx-ktlxxxax-KH.ca
-

Claimant's theorem (assuming u is c4)
Ufa ,
01=22 implies Vfx ,ok llaxxfk,of O

.

(b) As valid =o ,
vk.tl = II y ,they ,gdy = O .

Hence
, clamant)-0 ⇒ UHH= Jolt)Wtf ,#Xt gott) .

the Kuan implies gift)x4 gicttxtgo
'

CH = k - Galt) - 2
.

Initial condition tells you

So
,
giftto

, gift -0 , go
'

CEF 2k -get)
.

& 9,4019ft giant gotta
'

I 11 11

guts is constant gift is constant .

I o o
.

Combining these information
.
we get galt) = I

, Gitto , Goat 2kt .

Therefore
,
UH .tl = 7ft 2kt .

{ Technical comment on part a : U should be to apply Claimant 's theorem

and it should be five times differentiable since we need Unman
.
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DongGyu him
7. Idea : Mimic the formula for the energy function Ect) and prove that # Ect) = O .

Statement : Let u be a solution for the wave equation
Utt = C? ou w/ UCH

.
01=01*1 and at 9=44×1 for *EU and t>o

.

Moreover, assume that U satisfies the homogeneous Dirichlet or Neumann boundary anthem .

Let's define the energy function ECE) as follows :

EH = Su ( Eaa ECE
.

du
where Ui denotes 8¥

.
Then

, Ect) is constant
.

Proof
.

Let's take the derivative of Ect) by t .

⇐ EH = he # ( EA't Etui)) dk
= fu (Ut ' Utt to with't)dk ( that is IIIT)
= fu ( ut . e. ou te Eau. Uit)dK (su is E. 8¥ .)
= C? fu E. Hii - Ut + Ui.Uittdk ( Uri is Fat)
= C
'
- fu E. zilch. -Utd Vn

Here
, we wel apply the divergence theorem to the domain U and the vector field

defined by TT - (UiUt . . - -

,
Un -Ut) (OR = Ut. (Ui

,

- -

> Un) = Ut TU)
fu dtvFdk= face Fort du- i

,

dot product .

- -fu Eia (Ui -Utdk a ↳ = fguut.ae/ndVn-i
Now , it is enough to prove that the right hand side is zero under homogeneous nttnmcahntt BC.

T) Homogeneous Dirichlet condition : UCHE)-O on 24
.

So
, Utfkitko on XEDU

.

Hence, Jae UI- a.ridVn- I =D.

It) Homogeneous Neumann condition : IT ⇒ on 24 .

However
, gut is the F- directional

derivative
,
that is

,
put = (Ui , - - - , Un) .I = TU . it

.

So
, Jae Ut ' Pu.Idk- i =D.

£-0

In both cases
,
we get 0 on the right hand side

.

Therefore
,

¥ EH= C? fu da# DV = E.0=0.

4 Dirichlet boundary condition OR Neumann boundary condition can be found in Section 1.2

of Shearer & Levy .

(For Neumann condition
,

means fin"Yh¥×! )
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DongGyu Gm
f. Idea : Think about the difference of two solutions

.

Assume that we have two solutions U, and Us . Our goal is to prove
that Cleek

.

In other words
, tf is enough to prove that Ui

- Us =0 .

Let VCX.tl : = U, t) - UCHE)
.

Then
,

VW satisfies the following equations :

Vt = KOU
,
vcxot-u.CM - ok 0=9*7-WE 0

,
Vfx. o) = Ui.tl#o)-Ck.tCXD=YCXl-UGxEO

,

and
,
in Dirichlet case , UHH- UNH -Wtf thx) -f ⇒ on XEJU

,
t>0

.

Hence
,
it is enough to prove that homogeneous heat equations w/ initial condition zero functions

and homogeneous boundary conditions should have the zero function as the unique solution .

Dirichlet : V = 0 on the boundary .

However
, according to the maximum principle , this

implies that N (Htt Eo for all XEU,
t> o

.
On the other hand

.

- V satisfies exactly the same equation ⇒ -Nxt) so ⇒ OEVCX.tl
.

Therefore
,
V (X.f) =O

,
that TS

,
Ucl* f) =Wit) . So , the solution is unique .

S I have solved the n- dank version .

For the T - dank heat equation , you can even solve

the Neumann boundary case .

9. Idea : Consider NGHI -UHH ⇐ i went)
.

what) satisfies we= kwxx and who) 20 for all KE Caio]
.

We need to prove that wolf)zo

for any KE[a , 6] and t> O . Since they are solutions for the same heat equation, Hatto

and w(bit)=o
.

We have the minimum principle as well as the maximum principle, that is , the minimum
should be obtains on39×0 ,T) u [963×3090361×107]=-1his is called the parabolic boundary .]

Over
t- s

here
,
wait) - o (boundary condition) .

Over here
,
w(Act)20 .

So
,
the minimum on the parabolic boundary is zero and

,
as a result , wfkct) Zo on [963×851]

.

We can choose T arbitrary ,
so wfkittzo for all NE Ca .6] and t> 0

.

S Not that if the interval is not [aid but food , we cannot solve

this problem .

Note that the 7-dank heat equation oar the real line C- a. as)

w/ the initial condition 64403=0 does NOT have only unique solution .

You can search for Tychonoff 's example : for gaffe
-

o

"

,
ceca.# = ⇐78"HKCZK) ! o
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