Homework 5 - Spring 2020 MATH 126-001 - Introduction to PDEs

1. Derive the 2D heat equation
up = k(U + uyy) = kAu

over a domain 2 € R? by invoking the Divergence Theorem. Let f be the
heat flux over 02 and assume Fourier’s Law, that heat flows in the direction
of steepest descent.

2. Let
hz) = ze™™ .

Use the definition of the convolution operator to find
(h*h)(zx).

3. Let f,g € L' prove

supp(f * g) C supp(f) + supp(g)

where
supp(f) +supp(g) = {z +y | * € supp(f),y € supp(g)}.

4. Write the solution of the Cauchy problem for the heat equation
Uy = Ky, —00 <z <00, t>0,

with initial condition u(z,0) = 3(H(z + 1) — H(1 — z)) in terms of the error

function 5 .
Erf(x) = —/ eV dy.
VT Jo

5. Solve the heat equation where

u(x,o):{o’ <0

10—z, >0
and express your solution in terms of the error function from problem (4).

6. Consider the Cauchy problem from (4), with initial condition u(z,0) = 2.

(a) Show that if u(z,t) is the solution, then v(z,t) = Uz (x,t) satisfies the
heat equation with v(z,0) = 0.

(b) Find u(z,t) as an explicit formula.



7. Formulate and prove a statement regarding conservation of energy for the wave
equation on a bounded domain in R"™:

uy = cAAu, xeU, t>0,
u(x,0) =9¢(x), xeU,
Ut(X7 0) - ¢<X)7 X € U7

under homogeneous Dirichlet or Neumann boundary conditions.

8. Use the maximum principle for the heat equation to prove theorem 5.2 from
the textbook.

9. Let u(z,0) < wv(z,0) for all x € [a,b] and assume u and v are solutions to the
homogeneous heat equation. For ¢y > 0, show

u(z,ty) < v(zx,ty)

for all x € [a, b].
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