Homework 4 - Spring 2020 MATH 126-001 - Introduction to PDEs
1. Consider the wave equation that includes frictional damping:
Ut + pty = g,

in which p > 0 is a damping constant. Show that if u(z,t) is a C? solution

with u, — 0 as & — oo, then the total energy F(t) = [* 1(u? + 2u?)dx is a

—o0 2
decreasing function.

Incidentally, can you devise a C? function f(z) with the property f(x) ap-
proaches a constant as z — +o0, but f’(x) does not approach zero?

2. Consider the second order ODE

where u: R — R is C? and ¢, € R.
(a) Express the second order ODE as a system of first order ODE

U, + AU =F
U(0) = &

where U, Uy, and F are vector valued functions in R?, A € R**2, & ¢ R?.
(b) Solve the system from part (2a) and show that

t
U= eAt/ e F(s) ds + Pe M,
0

(¢) Define the solution operator S by
S(HW = e~ MW

and express the solution from (2b) in terms of S, ® and F.

What ODE does S(t)® solve?
3. Let

Uy — gy = f(z,t), z€R,t>0
u(z,0) = ¢(x), z€R
w(z,0) =¢(x), z€R.

(a) Express the second order PDE in terms of a system of PDEs as you did
in (2a).



4.

7.

(b) Solve the system from (3a) for the case
Uy — Uy =0, z€R,E>0
u(z,0) = ¢(x), z€R
ur(z,0) =¢(x), z€R.
and define the solution as Uj,. The solution operator for the system is
therefore S(t)®(z) = Uy,.

(c) Following the pattern established in (2c), write the solution of the non
homogeneous system established (3a) and compare it to the solution we
derived in Section 4.4.

Find the solution of

U — Uge = f(z,t), >0,t>0
u(z,0) = ¢(z), x>0
u(z,0) =(x), >0
u(0,2) = ¢(0) =0
for x <t by using Green’s Theorem and integrating over the domain of depen-

dence.

Consider the wave equation in three dimensions, with initial conditions in which
o(x) = f(]x]) is rotationally symmetric, the function f satisfies f(r) = 0, 7 > €,
and ¥ = 0. Show that the solution wu(x,t) is (a) rotationally symmetric, and
(b) zero outside a circular strip centered at the origin and having width e.

Show that A¢(r,t) = ¢ + ”T_l(br Consequently, the heat equation for rota-
tionally symmetric functions u(x,t) = ¢(r,t), r = |x|, is

¢t:k(¢rr+n_1¢7‘>'
r

Also do the same problem but for the wave equation in R?, show u(r, t) satisfies

2
Uy = 02 (uw + —ur> .
T

(a) Let g :[0,00) — R be a bounded integrable function. Prove directly that

mnw:Am@@—%w—¢@+%ww@my

2
is an odd function of x € R for each t > 0. (Here, ®(z,t) := \/ﬁem.)
(b) Let h: R — R be an odd bounded integrable function. Prove that

um¢w=[%@@—y¢mwmy

o0

is an odd function of = € R for each ¢ > 0. That is, the symmetry in the
initial data is carried through to the same symmetry in the solution.
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