Homework 3 - Spring 2020 MATH 126-001 - Introduction to PDEs

1. Suppose in the traffic low model discussed in section 2.4 that the speed v
of cars is taken to be a positive monotonic differentiable function of density:
v =uv(u).

(a) Should v be increasing or decreasing?

(b) How would you characterize the maximum velocity vy and the maximum
density Umax?

(c¢) Let Q(u) = uv(u). Prove that () has a maximum at some density u* in
the interval (0, Umax)-

(d) Can there be two local maxima of the flux? (Hint: Make Q(u) quartic.)

2. Carry through the analysis presented in section 3.4 for a general scalar conser-
vation law

ur + f(u), =0

where f : R — R is a given C? function. Derive an implicit equation for
the solution u(x,t) of the Cauchy problem, and formulate a condition for the
solution to remain smooth for all time. Likewise, if the condition is violated,
find an expression for the time at which the solution first breaks down.

3. Suppose
u + (1 —2u)u, =0
and
1 x <0
wz,0)=<¢1—2 xe(0,1).
0 x>1

Find u(x,t) and graph the characteristics for zo < 0, xy € (0,1) and zy > 1 in
the zt-plane.

4. Suppose
uy +uu, =0
and
1 x <0
uwz,0)=<¢1—2z x€(0,1).
0 x>1

Find u(z,t) and graph the characteristics for xy < 0, zo € (0,1) and 2 > 1 in
the xt-plane.

5. Solve

2
Ut = C Ugy

where u(z,0) = e* and w;(z,0) = sin(z) for all z € R.



6.

10.

Solve

U = Uy
where
0 z< -1
u(z,0)=<¢1 ze€(-1,1)
0 z>1

and u(z,0) = 0 for all z € R.

Let ¢ and 1 be odd functions in z from the IVP for the wave equation. Is the
solution u(x,t) of the IVP for the wave equation even, odd or neither in the
variable x for all ¢?

. The midpoint of a piano string of tension 7', density p, and length [ is hit by a

hammer whose head diameter is 2a. A tiny fly is sitting at a distance [/4 from
one end. (Assume that a < [/4; otherwise, the fly may be struck!) How long
does it take for the disturbance to reach the fly?

Consider the initial value problem

Ut = Uy, —co<r<oo, t>0,
u(z,0) = ¢(x), — 00 <z < 00,
u(z,0) = P(x), — 00 <z < 00.

Let ¢(x) be the function defined by

0 r <1
r—1 1<z<?2

@) =9 3_, 2<s<3
0 3<zx

and 1(x) = 0. In the z — ¢ plane representation of the solution in Figure 4.5,
we find that © = 0 in the middle section, with ¢ > % Show that if we keep the
same ¢ but make ¥ nonzero, with supp¢ = [1, 3|, then u will still be constant
in the middle section. Find a condition on v that is necessary and sufficient to
make this constant 0.

Consider C® solutions of the wave equation
2
Ut = C Ugy-

For ¢ = 1, define the energy density e = %(uf +u?), and let p = wu, (the
momentum density).

(a) Show that e; = p, and e, = p;.
(b) Conclude that both e and p satisfy the wave equation.



11. Suppose u(z,t) satisfies the wave equation uy = c*u,,. Show that
(a) For each y € R, the function u(x — y,t) also satisfies the above equation.

(b) Both u, and w; satisfy the above equation.

(c) For any a > 0, the function u(az,at) satisfies the above equation. Note
that the restriction a > 0 is not necessary.

12. (a) Let u(z,t) be a solution of the wave equation with ¢ = 1, valid for all z,
t. Prove that for all z, t, h, k

wx+ht+k)+ulz—ht—k)=ulx+kt+h)+ulx—Fkt—h).

(b) Write a corresponding identity if u satisfies the wave equation with ¢ = 2.

13. Solve
Uy = 9u1‘x

where u(z,0) = 1 — 22 and u(z,0) = cos(z) for all x > 0 and u(0,t) = 0 for
all ¢ > 0.

13". (Old version) Consider the quarter-plane problem

U = AUy, x>0,1t>0,
u(0,t) =0, t>0,
u(z,0) = ¢(x), x>0,
w(x,0) = ¥(x), x> 0.

Let ¢(z) be the function described in 9 and let ¢(z) = 0. Sketch the solution
u(x,t) as a function of z for t = 1, 2, 5,1, 2
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