
Homework 1 - Spring 2020 MATH 126-001 - Introduction to PDEs

1. Show that there exists a continuous function that does not map open sets to
open sets.

2. Show that there exists a continuous function that does not map simply con-
nected sets to simply connected sets.

3. Let

I = {(x, 0) | x 2 (0, 1)}
J = {(x, 0) | x 2 [0, 1]}.

(a) Is the set R2\I open or closed?

(b) Is the set R2\J open or closed?

4. The velocity of a particle with respect to position is given by

v(x) = xex.

Find the acceleration function with respect to position.

5. Let f : R2 ! R where f 2 C2(R2). Let s(↵, �) = ↵ + �t and suppose

G(a, b, c, d) = f(s(a, b), s(c, d)).

Show that G satisfies the partial di↵erential equation

@2G

@c@b
=

@2G

@a@d
.

6. Suppose y 2 C2((0,1)) is a solution of the di↵erential equation

t2y00(t) + ↵ty0(t) + y(t) = 0.

Let x = ln(t) and express the di↵erential equation of y(t) with respect to x.

7. Determine if the system

u(x, y, z) = x+ xyz

v(x, y, z) = y + xy

w(x, y, z) = z + 2x+ 3z2

can be solved for x, y, z in terms of (u, v, w) near (x, y, z) = (0, 0, 0).
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8. Define F : R2 ! R
2 by

F(x, y) = (ex cos(y), ex sin(y)) .

(a) Show that F 2 C1 and that dF(x, y) is invertible for all (x, y) 2 R
2.

(b) Is F one to one on all of R2? Is there a contradiction with the Inverse
Function Theorem?

9. Consider the function

f(x) =

(
x
2 + x2 sin

�
1
x

�
, x 6= 0

0, x = 0
.

(a) Show f 0 exists for all x 2 R.

(b) Show f 0(0) > 0.

(c) Can the hypothesis that f 2 C1 be weakened in the Inverse Function
Theorem?
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Homework 1 Solution I

1. Idea : ffxkx or f = - X does not work
.

Any strictly increasing or strictly decreasing function
does not work .

ffk) = Osx for KEIR is a continuous function .

It sends IR onto C- lil]
(open) (not ope:D

[ Another extreme example : Kako for KEIR ,
a constantfunction)

2. Idea : Themost famous non-Empty connected set is
the unit circle .

f- : IR-3422 (or one can restrict to f : CORTI -71127 .
defined by FCK) = CASK , sink) is a continuous function

.

It sends IR or [0,243 (both simply connected) to the
unit circle (non-simply connected) .

3. Idea :
"

the complement of open is closed and vice versa"
.

"

E = C implies C : closed
"

&
"

U:open means

any point is infamy
.

"
"

(a) 112213 : closed or open ? is the same question as
I : open or closed ?
Is I open ? No

, because (Yz . o) EI does not have a
small ball in I containing (K .

07
.

closed? No ,I contains Coco) which is not KI .
So

,
I # I

.

Therefore
, RTI is neither open nor closed .
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(G) Similarly to Cal, we need to check about J

.

2

Its not open for the same reason as I not open .

But
,
J is the same as J . so it is closed .

Therefore
,
424J is not closed but it is open .

{ Openness and Closed ness are not exclusive .

Just like Ca)
,
a set can be neither of them .

Like (6)
,
a set can be open but not closed .

Similarly , a set can be dosed but not open .

Finally
,
just take 422

, it can be both open and closed,
but mostly there are only a few .

4. Idea :The acceleration is the derivative of the velocity with
respect to the time

.

We need chain rule .

Let t be the time variable and I well abuse notation so that

KAI is the position "function" with respect to the variable t . Then ,
UNH) is the velocity wth respect to the time . So ,

the acceleration is
CRED

'

V'GKED - K
'

Ct) However
,
x'At is the velocity at time t

which is just Ht . Noting that Vlach) means #Guth the acceleration is
(Kt D . E

"
. X -e
"
= 2(att) . @

2K
.

5. Idea : Use chain rule to express the second partial derivatives
of G in terms of f .

" II -EEE#( 3¥37 t Effie)
chainrule =#(3ft .#abtfyt.EE#)--ECffT.ttfyt. o)

becomes #(ftp.t)I
° - o - - - o - o -

so ICEDEt Fa . #
prod - rule to
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=⇐dEH¥tEEEtFEft 3chain

⇐±as¥÷+aE¥ . III.
at2) In a similar way , you can compute ⇒

for the sake of simplicity , I'll use Ga instead of fat
or Fy instead of Fay .

Now , Gaa = d)a= ( farxqtfy-fdfa-fty.tk
0prod . rule-± ⇐g)a.tt fy.tk

chain rule →
= Cfyx - Kat fyy - ta) -t

It "
o

= fyx - t
.

3) Now
.
we use Ccatraut's theorem .

3¥ es gaita -t and paid is affluent .

Once f is C? by ccatraut's theorem . they equal .

But this is given in the problem .

So
, they equal .

( f-ECURD)
4 You should end

up getting fay
and tyre and need Clairaut's

theorem to prove this problem .
f- E R2) condition is crucial .

6. Idea : Introduce a new function ZCK) defined by Tle") .
For example , Tf yet) is given as yet) =E , then
the new ZCK) is given as ZCK) = em

.

We want to change y 's diff . econ with respect to t into
z's diff . egn with respect to K .

Note that ZEN is defined to be Ice") .
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¥4" = = ¥629 .¥" (chain rule) 4

= y
'Ce
") . e

"
. . (*)

(Note that y
'

Ce") is Y
'

and then ply in
-

EI instead of t . )

III" ( y ' e.) = ddzfgkexD.ektyyey.IE"
= Etten) . date

"

. e't y
' ex

= Y
' '

(ek) . e
"
t y

'

@kg . e
"

.

.
- - - -¥

If you replace t by e" in the given differential equation , you get

em . gqeytd.ee?ykeytyCeM--O .

Combining and (KK) , we have
em - y

"(en)= Z
"

Cal - Z'Ca)

and e
"
- y

'Cea)= Z'Ca)

and YCe") = ZCK) (this is how we defined za) )
So

, we get a new differential equation
€44 - Z'CN t 2. ZEN C-ZUKO

or
, €474 t (t - l) -ZEKI t ZCXFO.

4 E-y
''t Lt - y't y -- o is an example of Euler equations .

What we have done here is to get an equivalent but
easier- looking equation : Z

"
t ca - t ) -Z't2-=D

.

7. Idea : This is an Inverse function Theorem problem .

Recall what it is .

U .
V , w are functions of a ,y . Z . The question Is asking

if a.y ,
Z are functors of u, U ,w near co , O, O) .

According to Inverse function Theorem
,
we only need to check

If the Jacobian is invertible at (248 ,Z , a,v.w) = Co, 010,0, 0,0).
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g

It is :u§I¥) -(' IMEI "I ) . At a=y=z=o .

2 O HGZ

( o o
← lower triangularmatrix

it becomes ⇐ too) whose determinant is 1×1×1=1 .

Therefore
,
the Jacobian is invertible . We know that UN,w

are all c'CKD , so by Inverse function Theorem K , y , Z
can be expressed in terms of U .V.W .

8. Idea : Inverse FunctionTheorem asserts that there is
an inverse function ONLY near the point .

(a) e" and cosy , sing are all C' functions with respectto
x and j . So

,
f sending 448) to Ce" cosy , e'

'
Sky) es

C '
.
If Ts computed by (Hifk affray

It is (ekasy-e.es?nty4ax2f4ay)oheef--ff.fD.ekSTnyeuasy) and the determinant

is e
"
off - C - destiny)= e2K( cosy-tsing) =e2k7o.

So
. If Ts Invertible .

(6) f- is not one -to- one on all of IR' because
f-(o , o) = ( I , o) and f-(O , 2K) = (1,0) .

This does not contradict to Inverse Function Theorem
because the theorem says f es one-to-one only
near the point whose Jacobean Ts nonzero .

f- Ts one-to-one in a small neighborhood of Cao)
and So Is in a small nbhd of Giza) separately .
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9. Idea : follow the castration

. .
.

G
(a) f ' exists outside of 2=0 for free Cites the product of

differentiable functions)
.

Main thing is near 2=0 . To prove this , we need to check
tf Lan footed is well -defined .

x-so K - o Ga other words
,

#the limit exists.)
fan -Ho) It Tnk) - O

= It x stuff)
.To

=

a-

As 7 goes to 0 (from right or left) . x goes
to 0 and 5M¥ ) is always bounded by II .
So

,
the knit exists and it is It 0 = I .

(6) f-
'

CD is computed in Ca) . It is I>o .

(C) fact is differentiable as we have proven in Ca)
,

but it

is not C
' because flat is not continuous .

Why? FEN outside a-o can be computed ashy
the product rule : ffat-tztzxsin.fi/txtosfa) . - If

= LztzxstnKa) -Asfa) .

As a goes to o ,
this oscillates radical because of

cos Cta) term .
So

, the Huitt of FCK) as a-70
does not exist

.
It cannot be continuous at E-O .

Hence
, one cannot use Inverse Function Theorem .

4 It is not only that the theorem cannot be applied , but also that
the theorem's statement does not hold

. Even if flo) > o
and fkn exists

,
f Ts not one-to-one in any small nbhd of

2=0 .
You can be more convinced by considering :

-You can Imagine the graph near o . Gt increases and decreases .)
- More concretely ,-1%4 Ts - ICO Tf 2k¥ for any n E Z> o .

Zz >o if K=¥z for any NE Bo .

You can find large enough ns.t . zn¥ , is Tn

your small nbhd of 2=0 .


