
Math 126 Final Exam B Spring 2020

Name: Student ID #:
This exam has 7 pages, 9 questions, and a total of 100 points.

If you are taking the class P/NP you may only complete the first 6 questions. If you are taking
the class for a letter grade you may complete any of the questions.

1. I am taking the class for a letter grade:

A. (0 points) Yes

B. (30 points) No

2. (15 points) Find an entire function f : C ! C such that

|f(3eit)|  2

for all t 2 R and
f(
p
2 + i

p
2) = e

or state why no such function can exist. Make sure to justify your answer.

3. (15 points) The following came from a proof of Goursat’s Theorem from complex analysis.

“Assume f is holomorphic on ⌦ and R is an open rectangle in ⌦ and z0 2 R . . . from Cauchy’s
Theorem, we obtain

����
I

@R

f(z) dz

���� =
����
I

@R

f(z)� f(z0)� f 0(z0)(z � z0) dz

����”

Why can the author assume equality holds?



4. (15 points) Let g : R2 ! R be a continuous and bounded function and u be a C1-solution
on R2 ⇥ (0, 2) to the following heat equation:

ut � (uxx + uyy) = u3 over R2 ⇥ (0, 2)

u(x, 0) = g(x) for all x 2 R2

Moreover, suppose that u is bounded. Show that there exists a small enough ✏ > 0 such that if
|g(x)| is bounded by ✏ for all x 2 R, then |u(x, t)| is bounded by 2✏ for all (x, t) 2 R2 ⇥ (0, 2).

[Hint. Use Duhamel formula and bound u(x, t).]
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(UH pal is bounded by some number , say M , for
all Hix)

(we can choose E-I
.

You'll see the reason atthe end) EG .274K
.

Let T be the largest time in [0,23 such that fact , (Sze

for all fine[0,73 NR? ApplyTy Duhamel Is formula ,

Ultima LpgICE ,
K- g) gcy)dy t *

TEES
.

K-y) .cl?ns.y)dgds.
I spy3

this is bounded by E .

So
, applying triangle inequality ,

we get

(Attn ( s Et f-M? In other
words

.
ourT is 7µF>o.

Now
, again by Duhamel 's formula ,

we have lUCTiHlEEt2@j3SEtI.E
if EE 's

.

The point is that we can apply Duhamel is formula again starting
from E-T .

Then
. in a similar way , we get

(UHH I E EE t G-T) . 143

But
,
then this means that tf t is slightly fats) larger

than T
. (UH,Nl is still bounded by 2E . This contradicts to

the assumption that T is the largest one .

So
,

there Is no such

T ⇒ FEEL ,
18 LEE implies IUKTKHEZE for all over Q2) HR?



5. Let u 2 C2(⌦) where ⌦ = R ⇥ (0,1). Suppose u is a solution to the initial boundary value
problem

ut + u = uxx, (x, t) 2 ⌦

u(x, 0) = g(x), x 2 R

where g is integrable on R.

(a) (10 points) Use the change of variables u(x, t) = e�tv(x, t) to express u in terms of the
fundamental solution of the heat equation.

(b) (5 points) Suppose we have

ut + f(t)u = uxx, (x, t) 2 ⌦

u(x, 0) = g(x), x 2 R

where g is integrable on R.

What would be an appropriate change of variables to solve this IVP? You do not need to
solve the problem, only state the change of variables.
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6. Let ⌦ ⇢ R2
be a simply connected, bounded domain, u 2 C2

(⌦⇥R), and c : ⌦⇥R ! R is

bounded by k 2 R
|c(x, y, t)|  k, (x, y) 2 ⌦, t � 0.

Suppose u is a solution of

utt + c(x, y, t)ut = �u, (x, y) 2 ⌦, t > 0

u(x, y, t) = 0, (x, y) 2 @⌦, t � 0.

Define the mathematical energy by

E(t) =
1

2

ZZ

⌦

u2
t + |ru|2 dA.

(a) (5 points) Show

E 0
(t)  2kE(t).

(b) (3 points) Show

d

dt

�
e�2ktE(t)

�
 0

for all t � 0.

(c) (2 points) Suppose u(x, y, 0) = 0 for all (x, y) 2 ⌦. Show u is constant.
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ddtfe-2kt Ect)) = -2k . e-
2kt
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¥=
Eco) = Effs UE (Ky ,

O) t touchy ,0712
11 11

° UEtUy2=O b/c Ucxiy ,07=0 Heifer .

=
0

.

By part b, we have @2ktECtIEe-2ko.EG) =D ,

but Ecttzo
.

Hence
,
ECHO ⇒ At =Ua=Uy=O .

So
,
U T's constant .



7. (10 points) Only work on this question if you are taking the class for a letter grade.

Let u be a solution to �u = 0 on R2 such that u is constant on
p

|x| +
p
|y| = r for each

r > 0.

Prove that u is constant on R2.
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8. (10 points) Only work on this question if you are taking the class for a letter grade.

Solve the following equation using separation of variables:

uxx + uyy = 0 on (0, ⇡)⇥ (0, ⇡)

with the boundary conditions u(x, 0), u(x, ⇡), u(0, y) are all zeros for 0  x, y  ⇡, but

u(⇡, y) = g(y) for a given continuous function g(y) such that g(0) = g(⇡) = 0.
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Using separation of variables
,
we assume that UH

, y) = Xcx ) Xy) .

Then
,

X
"

GH -NY) t Xcx) . Y'
'

(9) =o on co .TL) x (o,
t)

.

So
,
we get ca, = - y, which needto be anstaut

.

According to the boundary condition : YG)-704 -o.

We know

that this can happen only when the constant is positive Casing
cos !Let d so be the constant

.

Then , YCY) = C. cosCray) t astutely) .

Xcx ) = d , e-
"at da - e

't"
.

461=464--0 condition tells us that 9=0 and Teles a

natural number
. So

,
we can define Yancy ) = 5Th ng and

consider di - e
-Mt da -em for nso

.

Now
, using the boundary audition , we have XO) - o

which implies de -da . So ,
let Xuan - en

"
- e
-m!

⇒ Uca, y ) = €,
Cn . @a- e-my . Stung .

The way to find a : fly) = UH, y)
= Q . @""- e-MY . stung

so
,
LUSTY Fourier STR series) Cn = enate . ⇐ J! god)stung dy

.



9. (10 points) Only work on this question if you are taking the class for a letter grade.

Let u be harmonic on a bounded, simply connected domain ⌦ ⇢ R2.

Find all functions F : R ! R that satisfy

u = F
⇣y
x

⌘

for all (x, y) 2 ⌦.
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