
Math 126 Final Exam A Spring 2020

Name: Student ID #:

This exam has 7 pages, 9 questions, and a total of 100 points.

1. I am taking the class for a letter grade:

A. (0 points) Yes

B. (30 points) No

2. (15 points) Find an entire function f : C ! C such that

|f(3eit)|  2

for all t 2 R and

f(
p
2 + i

p
2) = e

or state why no such function can exist. Make sure to justify your answer.



3. (15 points) Let ⌦ ⇢ R2
be a bounded domain and u 2 C2

(⌦).

Show that u is harmonic on ⌦ implies u2
is subharmonic on ⌦.

4. (15 points) Let u 2 C2
(⌦) where ⌦ = R⇥ (0,1). Suppose u is a solution to the initial value

problem

utt = uxx, (x, t) 2 ⌦

u(x, 0) = �(x), x 2 R

ut(x, 0) =  (x), x 2 R.

If � and  are bounded prove or disprove that that u is bounded for all t > 0.
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U: harmonic implies that OU= Uaxtuyg -- O .

Now, we have OCU') = (U7xxtCU4yy
=

-

@Usda t Gully)y
= 24ft wana t Zay't 2UUyy

= 2(Ua4aj) t 2U. (Uan
,,tUyg)
O .

= 2CUn4Uy7
.

As UH , Uy220 , we have OCU) 20 which Implies that
U2 is subharmonic

.



5. Consider the function f(x) = x+ sin x for x 2 [0, ⇡].

(a) (9 points) Find the Fourier cosine series of f .

(b) (6 points) Show that the cosine series of f converges uniformly on [0, ⇡] without using

properties of the Fourier series.
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The Fourier cosine series of f is -20 t Aucosnk where are ¥f"fewosnadx .

• a. = I fit@tstnxdx = ¥ (IX'-Gsx) (E = at ¥ .

• an= # fo" Hsiua) Cosme da = I fotfkashktsthxoshk) da
• f Masha = #Xstnnk - f #stunk =ntxsthhxtntcosnx.ofsinaosnx-ftzlstncnthxtstna.mx] q-zfnf.TT

""
t z9F"' if n# .

+ 0 if n- l
.

Therefore
,
a, = IT off- 2) f = - If .

For n : even number
,
as na - n -O

Ts a multiple of 2K , we only get the latter part : za o 2 - zg . 2) -E
for n: odd number

,
the latter part vanishes ⇒ we get{jf) . ¥ .

So
,

the Fourier cosine series is Ift#t II, Qu as hk
where an= - - Ii tf n: even

,
- n¥ - ¥ if n:odd .

We can use Weierstrass M- test
, for the au's we have Found previously,

let fu= QuashK
. By H- test , we only need to prove that Effy

is bounded
.
But

,
I Hal E Eland as Kosmicki .

For the sake of simplicity let's ignore a. . (we can do this as it

is only a number that is finite .
) Now

,
we need to prove that

÷ .

-Efn or ⇒ cos
.

Fear Todd
.

But
, NIT E ht if nzz and his ¥ obviously

.

So
, # EEC net or ⇒ a # ET E -

- E -EEE soo
.



6. Let ⌦ ⇢ R2
be a simply connected, bounded domain, u 2 C2

(⌦⇥R), and c : ⌦⇥R ! R is

bounded by k 2 R
|c(x, y, t)|  k, (x, y) 2 ⌦, t � 0.

Suppose u is a solution of

utt + c(x, y, t)ut = �u, (x, y) 2 ⌦, t > 0

u(x, y, t) = 0, (x, y) 2 @⌦, t � 0.

Define the mathematical energy by

E(t) =
1

2

ZZ

⌦

u2
t + |ru|2 dA.

(a) (5 points) Show

E 0
(t)  2kE(t).

(b) (3 points) Show

d

dt

�
e�2ktE(t)

�
 0

for all t � 0.

(c) (2 points) Suppose u(x, y, 0) = 0 for all (x, y) 2 ⌦. Show u is constant.

Page 4

ddtfe-2kt Ect)) = -2k . e-
2kt
ECE) + e

-2kt
. E'CE)

= Emt - (E'at -2kEH)) SO
.

> o Eby part a .

¥=
Eco) = Effs UE (Ky ,

O) t touchy ,0712
11 11

° UEtUy2=O b/c Ucxiy ,07=0 Heifer .

=
0

.

By part b, we have @2ktECtIEe-2ko.EG) =D ,

but Ecttzo
.

Hence
,
ECHO ⇒ At =Ua=Uy=O .

So
,
U T's constant .



7. (10 points) Only work on this question if you are taking the class for a letter grade.

Let v 2 C2
(R2

) and � 2 C1
(R). Suppose v solves

vt = vxx + v2x, x 2 R, t � 0

v(x, 0) = �(x), x 2 R.

Using the substitution u = ev, find the fundamental solution of the above equation.
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the @Yt-ut.E
Una = @Ynw-CVn.E)a= Una -Et Un-Vad -wanton)e?

Therefore
, we get Ut -- Uaa taek, t> O .

Moreover
, ceca, o ) = em ' "

= em KNEIR
.

So
, the fundamental solution of the above heat equation is

Uca.tk/pEGtatt-eKHdy
where Flat) = ¥* . e-¥

.

⇒ The fundamental solution of the original problem is
VGhH=ln( GREG-att - Eaddy) .



8. (10 points) Only work on this question if you are taking the class for a letter grade.

Solve the following equation using separation of variables:

uxx + uyy = 0 on (0, ⇡)⇥ (0, ⇡)

with the boundary conditions u(x, 0), u(x, ⇡), u(0, y) are all zeros for 0  x, y  ⇡, but

u(⇡, y) = g(y) for a given continuous function g(y) such that g(0) = g(⇡) = 0.
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Using separation of variables
,
we assume that UH

, y) = Xcx ) Xy) .

Then
,

X
"

GH -NY) t Xcx) . Y'
'

(9) =o on co .TL) x (o,
t)

.

So
,
we get ca, = - y, which needto be anstaut

.

According to the boundary condition : YG)-704 -o.

We know

that this can happen only when the constant is positive Casing
cos !Let d so be the constant

.

Then , YCY) = C. cosCray) t astutely) .

Xcx ) = d , e-
"at da - e

't"
.

461=464--0 condition tells us that 9=0 and Teles a

natural number
. So

,
we can define Yancy ) = 5Th ng and

consider di - e
-Mt da -em for nso

.

Now
, using the boundary audition , we have XO) - o

which implies de -da . So ,
let Xuan - en

"
- e
-m!

⇒ Uca, y ) = €,
Cn . @a- e-my . Stung .

The way to find a : fly) = UH, y)
= Q . @""- e-MY . stung

so
,
LUSTY Fourier STR series) Cn = enate . ⇐ J! god)stung dy

.



9. (10 points) Only work on this question if you are taking the class for a letter grade.

Let u be harmonic on a bounded, simply connected domain ⌦ ⇢ R2
.

Find all functions F : R ! R that satisfy

u = F
⇣y
x

⌘

for all (x, y) 2 ⌦.
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