Math 126 Final Exam A

Name: Student 1D #:

Spring 2020

This exam has 7 pages, 9 questions, and a total of 100 points.

1. T am taking the class for a letter grade:
A. (0 points) Yes
B. (30 points) No

2. (15 points) Find an entire function f: C — C such that
[f(3e")] <2

for all t € R and

f(V24+iV2)=e¢

or state why no such function can exist. Make sure to justify your answer.



3. (15 points) Let Q C R? be a bounded domain and u € C*(Q).

Show that u is harmonic on € implies ©? is subharmonic on €.
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4. (15 points) Let u € C*(Q2) where Q = R x (0,00). Suppose u is a solution to the initial value
problem

Uy = Uz, (x,1) € Q
u(z,0) = ¢(x), z€R
w(z,0) =¢(z), = €R.

If ¢ and v are bounded prove or disprove that that u is bounded for all ¢t > 0.
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5. Consider the function f(z) =z + sinx for z € [0, 7].

(a) (9 points) Find the Fourier cosine series of f.
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(b) (6 points) Show that the cosine series of f converges uniformly on [0, 7] without using
properties of the Fourier series.
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6. Let Q C R? be a simply connected, bounded domain, u € C?(Q x R), and ¢: @ x R — R is

bounded by k € R
le(z,y, t)| <k, (x,y) €, t>0.

Suppose u is a solution of

uy + c(z,y, uy = Au, (x,y) € Q, t >0
u(z,y,t) =0, (z,y) €, t>0.

Define the mathematical energy by
1
E(t) == // u? + |Vul? dA.
2JJa

E'(t) < 2KE(t).

(a) (5 points) Show

(b) (3 points) Show

% (e—ZktE(t)) S 0
for all t > 0. ”
okt - (
4(e™ eh) = €D e EW
— o (E0-2%ke®) O
e T e e
W(’L%)O]:
(c) (2 points) Supposeu(x,y,0) = 0 for all (z,y) € . Show w is constant.
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7. (10 points) Only work on this question if you are taking the class for a letter grade.

Let v € C*(R?) and ¢ € C*(R). Suppose v solves

vt:vm—l—vi, reR, t>0
v(z,0) = ¢(z), x€R.

Using the substitution u = e, find the fundamental solution of the above equation.
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8. (10 points) Only work on this question if you are taking the class for a letter grade.

Solve the following equation using separation of variables:
Upy + Uy =0 on  (0,m) x (0,7)

with the boundary conditions u(z,0), u(z, ), u(0,y) are all zeros for 0 < z,y < 7, but
u(m,y) = g(y) for a given continuous function ¢g(y) such that g(0) = g(7) = 0.
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9. (10 points) Only work on this question if you are taking the class for a letter grade.

Let « be harmonic on a bounded, simply connected domain 2 C R?.

Find all functions F' : R — R that satisfy

- r(2)

for all (z,y) € Q.
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