1. Let V be a finite-dimensional real vector space with inner product (-,-) and let 7' : V' — V be rP k
a self-adjoint linear operator with only (strictly) positive eigenvalues. Show that the formula Ok

(x,y) = (x, Ty) defines an inner product on V.
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2. Let A € My,«n(R) be a symmetric matrix and let A be its eigenvalue with largest absolute
value. Show that ||Az|| < |A|-|[z|| for all z € R™. Give a counterexample if A is not assumed
to be symmetric.
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1. Let A € My, «n(R) be a matrix that preserves orthognality in the sense that if x -y = 0, then
Ax- Ay = 0. Show that A = cU for some real number ¢ and some orthogonal matrix U. Hint:
use the orthogonality of the standard basis, and also of the pairs €; + €; and ¢€; — €;.
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1. (True/False Jeopardy)

a) T F IfZ y € R" are nonzero, then there exists an n x n orthogonal matrix A such that
Y g

AZ =7
(b) T F The transpose of an orthogonal matrix is orthogonal.
(¢) T F Unitary matrices are always normal.
(d) T F If A€ M,xn(C) is symmetric, then all of its eigenvalues are real.
(e) T F The determinant of an orthogonal matrix must be 1 or —1.
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