
Row reductions do everything ! We start from ( { I , I, 32) .

"
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As 3rd , 4th Col 's are non- pivot , let Ra
, 74 be arbitrary real #s.

1st how : X , -713-174=0 ⇒ 24=76-24
.

2nd row : ka - B -76=0⇒ x.⇒sexy
.

All together :(¥I¥(¥¥I¥)
f- Span) ( f) , ( If and dim V=2

.

⇒3. (1)tki

Sambckdc:fEH!H so
. If}) ,( IN works

.
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a.)cofactor
expansion : first row②det

a.ai.det.fi?a...)-a.detE.' Ii)
Tudet ÷.) taf
⇐

÷!!:{taft Iaa,idetff= tftcetaottadtaifta. -Eta.eu#eaEtao .



Poll

Fact
.
① A is Invertible tf and only if det A to .

② def (c 'A) = C - defeat if A : nxn .

& defCAB)=deHA)- def

Solin
.

As AB= -BA
,
def(AB)= def C-BA) = C- Dn . defCBA)
"

= - I -detB.de#bkn:odddefA-detB
So

,
def A - def 13=0 and so A or B has def zero ⇐ A orB is not invertible

.

m=2 case : try to find conditions for a counterexample !
Suppose
A.B : invertible AB= -BA ⇒ B- 'AB= - A . ( A ~ - A)

tha)= EX- A) = - treas .

ME- (f T) B-
'

( '

o 9) B = (j ' i) ⇒ treas- o .

13=40 j) works .



f does not really matter ! (bk ftp.3a-CCDDITBp [238 )
Poll

fact : T is an isomorphism Tf and only if CTTP Is Invertible

why? # T
- ' exists

.

So
,
Tot

- i
= z and

(for any basis p) .

[Tfs - CT
- '

Tp = CT -T
- '

Te = tDp=Inxn .

Solh
.

If I is not an Isom ,
thendet¢Tdp)=0 .

If Kerth) is not zero
, then det ( [Tfp)=o . (bk Is : kN)

.

①

O #Inxn (6k InxnB -B Inxn -- B -B=o)
.



gorse
Cgi calf

'

A
.

FALSE b. Use 0 and 1 OR B= ?A C
. CT]p=t? ftp.t?True

.

ch not c .

¥3 A def (2/3)=2 def CB) similar⇒ def same
.

not true .

d. A defines a linear map HE-7km
.

e
. An -_b unique Solh .

A :#→ Fm (smaller to layer) what can you say
about

Tm A # Fm .

Ax=0 ?

Thee
. ( b/c by dim - thin timberAt KA

AKO has a unique sokn .

= n A: #f→fm He

⇒ HCA ERM .=dimFm ) Aish .

kerA=O .



Math54 Review

Fun fact : AtAn=o ,
then Tu fact Ax=O .

-

why? ① Note that
, given a- Cui , - - , um)EIRm Ut . u as a matrix multiplication

column vector
'

is simply Uft - - - turn
.

②Now
, suppose

that AtAx=o. Then , we can multiply at on the left

to get xtAAx=
at . 0=0. Putting a-Ax , we get vtu=o and shows

that V,
= - - - =Vm=o

,
so 0=0 and An= O.

So what? Obviously ,

if KE KerA , then Ako ⇒ AtHeo. Combining this with the above
⇒seekerATA

.

"fun fact " . we get
beer A = beerATA

.

But A : →Rm and ATA :HEIR?

Hence
, by the dimension theorem ,

we get rkA=n- dim kerf
=n- dim kerAtA=rk ATA .

However
,
im ATA E Tm At obviously , so Ha HA Erk At

. In particular, rk A Erk At .

Doty the same argument to At , we get rk At E rk#E- rkA .

Therefore rk A= rkAtA=rkA ,
that is

,

dim Tm ATA = dem im At .
Hence, Tm ATA= im At.

④


